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CHAMBER STRUCTURE AND WALLCROSSING IN THE ADHM
THEORY OF CURVES I
D.-E. DIACONESCU
Abstract. ADHM invariants are equivariant virtual invariants of moduli spaces
of twisted cyclic representations of the ADHM quiver in the abelian category
of coherent sheaves of a smooth complex projective curve X. The goal of
the present paper is to present a generalization of this construction employing
a more general stability condition which depends on a real parameter. This
yields a chamber structure in the ADHM theory of curves, residual ADHM
invariants being defined by equivariant virtual integration in each chamber.
Wallcrossing formulas will be presented in the second part of this work.
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1. Introduction
1.1. Overview. Let X be a smooth projective variety over C equipped with a very
ample line bundle OX(1). Let M1,M2 be fixed invertible sheaves on X and let E∞
be a fixed coherent locally free OX -modules.
Definition 1.1. An ADHM sheaf E on X with twisting data (M1,M2) and framing
data E∞ is a coherent OX-module E decorated by morphisms
Φi : E ⊗X Mi → E, φ : E ⊗X M1 ⊗X M2 → E∞, ψ : E∞ → E
with i = 1, 2 satisfying the ADHM relation
(1.1) Φ1 ◦ (Φ2 ⊗ 1M1)− Φ2 ◦ (Φ1 ⊗ 1M2) + ψ ◦ φ = 0.
An ADHM sheaf E will be said to have Hilbert polynomial P if E has Hilbert polyno-
mial P . If X is a curve, an ADHM sheaf E will be said to be of type (r, e) ∈ Z≥0×Z
if E has rank r ∈ Z≥0 and degree e ∈ Z.
Motivated by string theoretic questions, the moduli problem for such decorated
sheaves has been considered in detail in [20, 73]. Very briefly, the main results
obtained so far are as follows
• According to [73, Thm. 2.9.2.44, Thm. 2.9.2.5] there exists a quasi-
projective fine moduli space of ADHM sheaves with fixed data X = (X,M1,M2, E∞)
and Hilbert polynomial P subject to a certain stability condition. The
stability condition in question requires E to be torsion free, ψ to be non-
trivial, and forbids the existence of nontrivial saturated proper subsheaves
0 ⊂ E′ ⊂ E preserved by Φ1,Φ2 and containing the image of ψ. This is
essentially a cyclicity condition.
• If X is a smooth projective curve over C, [20, Thm. 1.2] shows that the
above moduli space is equipped with a torus equivariant perfect tangent-
obstruction theory which yields a residual theory by virtual integration on
the fixed loci. In particular the torus fixed loci have been shown to be
proper of finite type over C.
• If X is a smooth projective curve over C and E∞ = OX , the resulting
residual theory is equivalent to a local version of the stable pair theory
constructed by Pandharipande and Thomas [65]. The proof of this equiv-
alence relies on the relative Beilinson spectral sequence [64] for projective
bundles. This was shown in [20] to yield a torus equivariant isomorphism of
moduli spaces equipped with perfect tangent obstruction theories between
the moduli space of ADHM sheaves on X and a moduli space of coherent
systems on a projective bundle over X . The projective bundle π : Y → X
is determined by the data (M1,M2), that is Y = Proj(OX ⊕M1 ⊕M2).
The main goal of the present paper is to construct a chamber structure in the
ADHM theory of curves employing a more general stability condition which depends
on a real stability parameter. Equivariant virtual invariants will be defined in each
chamber and a wallcrossing result at the origin will be proven. Before summarizing
the main results in more detail note that there at least two main reasons for this
construction.
First note that the presence of stability parameters is very natural in moduli
problems for decorated sheaves [80, 12, 10, 6, 81, 7, 47, 48, 34, 33, 32, 13, 11, 15, 70,
72, 71]. Recall that variations of the stability parameter have played a crucial role
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in the proof of the Verlinde formula [80, 81], birational transformations of moduli
spaces [80, 6, 81], the quantum cohomology of the grassmannian [7], as well as the
topology of moduli spaces of sheaves of surfaces [25, 32, 29, 66, 83, 31, 56, 57]. In
this paper it will be shown that the stability condition introduced in [20] for ADHM
sheaves is in fact an asymptotic form of a more general δ-stability condition, where
δ ∈ R>0 is a stability parameter.
Moreover, moduli spaces of coherent systems have been recently related to
curve counting problems by Pandharipande and Thomas [65] and to generalized
Donaldson-Thomas invariants by Joyce and Song [38]. Again, the stability con-
dition employed in these cases is an asymptotic form of the stability conditions
for coherent systems defined in [47, 48, 32]. Therefore a natural question raised
in the introduction of [65] is whether such virtual invariants admit deformations
corresponding to variations of the stability parameter for coherent systems. This
would require in principle the construction of a virtual cycle on the moduli space
of stable coherent systems on smooth projective threefolds for arbitrary values of
the stability parameter. As observed in the introduction of [65], such a cycle is not
expected to exist in general, therefore the question seems to have a negative an-
swer. However this paper will provide a positive answer for local stable pair theory
theory, which was related to the ADHM theory of curves in [20]. It will be proven
that such deformations of the local invariants exist, but the moduli spaces em-
ployed in the construction are not isomorphic to moduli spaces of coherent systems
for generic values of the stability parameter (see Remark (1.3) below). Note that a
similar chamber structure in the stable pair theory of smooth projective Calabi-Yau
threefolds has been previously constructed in [82], employing variations of stability
conditions in the derived category1.
A different motivation for this paper resides in string theoretic questions con-
cerning wallcrossing phenomena for BPS states in Calabi-Yau compactifications and
black holes [19, 21, 26, 36]. More specifically, Jafferis and Moore [36] have shown
that the spectrum of BPS states in a conifold compactification depends on an extra
real parameter in addition to the expected complexified Ka¨hler moduli. The con-
structions presented in this paper provide a rigorous mathematical framework for
the wallcrossing considered in [36]. As shown in [17] they also yield a derivation of
the halo wallcrossing formulas of Denef and Moore [19] for local rational curves.
Finally note that similar constructions for Donaldson-Thomas invariants of toric
resolutions of crepant threefold singularities have been carried out in [77, 67, 52, 55,
54, 43] as well as the physics literature [18, 63]. These invariants are constructed
in terms of moduli spaces of quiver representations, using the stability conditions
defined in [41]. Moreover, a generalization of the constructions employed in this
paper has been applied in [40] to moduli spaces of stable quasimaps to holomorphic
symplectic quotients.
The present work consists of two parts, the first being focused on existence
and construction results as described below. The second part is concerned with
wallcrossing formulas and some applications.
1.2. Construction results. This paper will consider ADHM sheaves on a smooth
projective curve X over C with fixed twisting data (M1,M2) and fixed framing
data E∞ = OX . Moreover, M1,M2 will be chosen so that there is an isomorphism
1I thank A. Bayer for pointing this out.
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M1⊗XM2 ≃ K
−1
X . This condition will be needed in the construction of a symmetric
perfect obstruction theory for generic values of the stability parameter.
The δ-stability condition for ADHM sheaves is introduced in section (2.1), defi-
nition (2.1). Note that lemma (2.3) allows us to restrict our treatment to positive
values of the stability parameter. Several basic properties as well as preliminary
boundedness results are proven in section (2.2).
Sections (3.1), (3.2) reformulate δ-stability for ADHM sheaves as a slope stability
condition in an abelian subcategory of quiver sheaves. This condition belongs to the
class of slope stability conditions for quiver sheaves introduced by Alvarez-Consul
and Garcia-Prada in [2, 3]. Similar stability conditions have been also considered
in [62]. These results will be needed in the analysis of wallcrossing behavior in later
sections. Some homological algebra results are proven in section (3.3).
Section (4) consists of a detailed analysis of variations of the stability parameter
δ ∈ R>0. It is proven in section (4.1), lemmas (4.4), (4.7), (4.8), that for fixed rank
r ∈ Z≥1 and fixed degree e ∈ Z there are finitely many critical values δi ∈ R>0,
i = 1, . . . , N dividing the positive real axis into stability chambers. The set of
δ-stable ADHM sheaves of type (r, e) is constant within each chamber, and strictly
semistable objects may exist only if δ takes a critical value. Moreover, for sufficiently
large δ, δ-stability is equivalent to the stability condition used in [20]. Section (4.2)
is focused on the wallcrossing behavior of δ-stable objects when δ specializes to
a critical value. In particular lemmas (4.10), (4.12), respectively (4.13), (4.14)
examine the interaction between generic δ-stability and semistability at a critical
value, respectively the origin.
The moduli problem for δ-semistable ADHM sheaves is the main subject of
section (5). Standard arguments imply that flat families of δ-semistable ADHM
sheaves form a groupoid Mssδ (X , r, e) over the category of schemes over C. The
first result proven in this section is the following.
Theorem 1.2. The groupoid Mssδ (X , r, e), where X denotes the triple (X,M1,M2),
is an Artin stack of finite type over C for any (r, e) ∈ Z≥1 × Z and any δ ∈ R>0.
If δ ∈ R>0 is noncritical of type (r, e), the moduli stack Mssδ (X , r, e) is isomorphic
to a quasi-projective scheme over C.
Other moduli stacks needed in the second part of this paper are similarly con-
structed in section (5.2).
Remark 1.3. According to lemma (4.7), the moduli space of δ-semistable ADHM
sheaves is isomorphic to the moduli space constructed in [20, Thm 1.1] for suf-
ficiently large δ. In particular it is also isomorphic to a quasi-projective moduli
space of asymptotically stable coherent systems as proven in [20, Thm. 1.11].
The proof of this theorem relies on a vanishing result [20, Lemma 2.5] for the
morphism φ : E ⊗X M1 ⊗X M2 → OX for asymptotically stable ADHM sheaves
E = (E,Φ1,Φ2, φ, ψ). However, such a vanishing result no longer necessarily holds
when δ lies in other chambers on the positive real axis. Therefore in this case, the
moduli space of δ-semistable ADHM sheaves is not expected to be isomorphic to a
moduli space of δ-semistable coherent systems.
Next note that there is a natural torus T = C××C× action on the moduli space
of δ-stable ADHM sheaves, defined by scaling the ADHM data as follows
(t1, t2)× (E,Φ1,Φ2, φ, ψ)→ (E, t1Φ1, t2φ2, t1t2φ, ψ).
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Let S ≃ C× ⊂ T denote the antidiagonal torus defined by the embedding t →
(t−1, t). The next result proven in section (5.4) establishes the existence of a torus
equivariant perfect tangent-obstruction theory for noncritical values of the stability
parameter.
Theorem 1.4. Let δ ∈ R>0 be a noncritical stability parameter of type (r, e) ∈
Z≥1 × Z. Then the moduli scheme Mssδ (X , r, e) has a T-equivariant as well as
S-equivariant perfect tangent-obstruction theory. Moreover, the perfect tangent-
obstruction theory of Mssδ (X , r, e) is S-equivariant symmetric.
Using this structure, one would like to define a residual δ-ADHM theory of curves
by virtual integration on the torus fixed loci. In particular, a properness result for
the fixed loci is needed. Properness of the T-fixed loci can be proven by analogy
with [20, Prop. 3.15]. However, properness of the S-fixed loci is more difficult, and
will require an inductive proof, which is presented in section (5.3). The final result
is:
Theorem 1.5. Let δ ∈ R>0 be a noncritical stability parameter of type (r, e) ∈
Z≥1 × Z. Then the fixed locus Mssδ (X , r, e)
S is a projective scheme over C.
An immediate corollary of theorem (1.5) is
Corollary 1.6. Under the conditions of theorem (1.5), the fixed locus Mssδ (X , r, e)
T
is also a projective scheme over C.
Theorems (1.4) and (1.5) and corollary (1.6) imply via [30] the following
Corollary 1.7. Suppose the conditions of theorem (1.5) are satisfied. Then the
following statements hold.
(i) The T-fixed locus Mssδ (X , r, e)
T is equipped with an induced perfect tangent-
obstruction theory, which yields a virtual fundamental cycle
[Mssδ (X , r, e)
T] ∈ A•(M
ss
δ (X , r, e)
T)
and a virtual normal bundle NMs
δ
(X ,r,e)T/Mss
δ
(X ,r,e) ∈ K
0
T
(Mssδ (X , r, e)
T) in the
equivariant K-theory of locally free sheaves of the fixed locus.
(ii) Analogous results hold for the S-fixed loci. Moreover, in this case, the induced
perfect tangent-obstruction theory is symmetric and the resulting virtual fundamen-
tal cycle is a 0-cycle.
Using corollary (1.7) the residual ADHM theory of the data X = (X,M1,M2) is
defined as follows
Definition 1.8. Let (r, e) ∈ Z≥1 × Z, and δ ∈ R>0 be a noncritical stability
parameter. Then the T-equivariant δ-ADHM invariant of type (r, e) is defined by
ATδ (r, e) =
∫
[Mss
δ
(X ,r,e)T]
e−1
T
(NMss
δ
(X ,r,e)T/Mss
δ
(X ,r,e)).
The S-equivariant δ-ADHM invariant of type (r, e) ASδ (r, e) is defined analogously.
Finally, the goal of section (7) is to prove that the deformation results obtained
by Joyce and Song for coherent sheaves on Calabi-Yau threefolds also hold for
locally free ADHM sheaves on curves. More precisely Theorems (7.1), (7.2) are
entirely analogous to Theorems [38, Thm. 5.2], [38, Thm. 5.3] and follow by
the same type of deformation theory arguments applied to locally free ADHM
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sheaves. Moreover it is proven that the Behrend function identities proven in [38,
Thm. 5.9] also hold with appropriate modifications in the present case. Using
these statements, the main results in the theory of generalized Donaldson-Thomas
invariants of [38] apply to ADHM sheaf invariants, allowing one to derive explicit
wallcrossing formulas. This will be presented in detail in the second part of this
paper.
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Notation and Conventions. Throughout this paper, we will denote by S
the category of schemes of finite type over C. For any such schemes X,S we set
XS = S × X and Xs = Spec(k(s)) ×S X for any point s ∈ S, where k(s) is the
residual field of s. Let also πS : XS → S, πX : XS → X denote the canonical
projections. We will also set FS = π
∗
XF for any OX -module F . Given a morphism
f : S′ → S, we will denote by fX = f×1X : XS′ → XS . Any morphism f : S
′ → S,
yields a commutative diagram of the form
XS′
p′X
//
fX

X
1X

XS
piX
// X.
Then for any OX -module F there is a canonical isomorphism FS′ ≃ f
∗
XFS which
will be implicit in the following.
2. δ-stability for ADHM sheaves
2.1. Definition and basic properties. Let X be a smooth projective curve over
a C-field K equipped with a very ample line bundle OX(1). Let M1,M2 be fixed
line bundles on X so that M1 ⊗X M2 ≃ K
−1
X . Such an isomorphism will be fixed
throughout this paper, and we will also set M =M1⊗X M2. Note that the field of
definition of X is taken to be an extension of C since such curves occur naturally
as fibers in flat families over non-closed points. Therefore, in order to formulate
the moduli problem, one has to define the basic objects of study over arbitrary
extensions of C, by analogy with moduli of sheaves [35].
As stated in the beginning of section (1.1), we will consider ADHM sheaves [20,
Def. 2.1] E = (E,Φ1,Φ2, φ, ψ) on X with twisting data (M1,M2) and framing data
E∞ = OX . Given a coherent locally free OX -module E we will denote by r(E),
d(E), µ(E) the rank, degree, respectively slope of E. An ADHM sheaf E will be
called locally free if E is a coherent locally free OX -module. If E is a locally free
ADHM sheaf the pair (r(E), d(E)) will be called the type of E .
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Let δ ∈ R \ {0} be a stability parameter. For a nontrivial locally free ADHM
sheaf E we define the δ-slope of E to be
µδ(E) = µ(E) +
δ
r(E)
.
Moreover a subsheaf 0 ⊂ E′ ⊂ E will be called Φ-invariant if Φi(E
′ ⊗Mi) ⊆ E
′ for
i = 1, 2.
Definition 2.1. Let δ ∈ R \ {0} be a stability parameter. A nontrivial locally free
ADHM sheaf E = (E,Φ1,Φ2, φ, ψ) is δ-(semi)stable if the following conditions are
satisfied
(i) ψ is nontrivial if δ > 0 respectively φ is nontrivial if δ < 0.
(ii) Any Φ-invariant nontrivial proper saturated subsheaf 0 ⊂ E′ ⊂ E so that
Im(ψ) ⊆ E′ satisfies
(2.1) µ(E′) +
δ
r(E′)
(≤) µδ(E).
(iii) Any Φ-invariant nontrivial proper saturated subsheaf 0 ⊂ E′ ⊂ E so that
E′ ⊗X M ⊆ Ker(φ) satisfies
(2.2) µ(E′) (≤) µδ(E).
We also define (semi)stability at δ = 0 as follows.
Definition 2.2. A nontrivial locally free ADHM sheaf E = (E,Φ1,2, φ, ψ) be on X
is 0-(semi)stable if any Φ-invariant proper nontrivial saturated subsheaf 0 ⊂ E′ ⊂ E
so that Im(ψ) ⊆ E′ or E′ ⊗X M ⊆ Ker(φ) satisfies
(2.3) µ(E′) (≤) µ(E).
Let E = (E,Φ1,Φ2, φ, ψ) be a locally free ADHM sheaf on X of type (r, e) ∈
Z≥1 × Z. Then the data
(2.4)
E˜ = E∨ ⊗X M
−1
Φ˜i = (Φ
∨
i ⊗ 1Mi)⊗ 1M−1 : E˜ ⊗Mi → E˜
φ˜ = ψ∨ ⊗ 1M−1 : E˜ ⊗X M → OX
ψ˜ = φ∨ : OX → E˜
with i = 1, 2, determines a locally free ADHM sheaf E˜ of type
r˜ = r e˜ = −e+ 2r(g − 1)
where g ∈ Z≥0 is the genus of X . E˜ will be called the dual of E in the following.
Note that E˜ has the same twisting and framing data as E .
Lemma 2.3. Let δ ∈ R>0 be a positive stability parameter and let E be a locally free
ADHM sheaf on X. Then E is δ-(semi)stable if and only if E˜ is (−δ)-(semi)stable.
Proof. Straightforward verification of stability conditions.

Using lemma (2.3) it suffices to consider only positive stability parameters δ ∈
R>0 from this point on.
8 D.-E. DIACONESCU
2.2. Boundedness results. This subsection consists of several boundedness re-
sults for semistable ADHM sheaves required at later stages in the paper. As in
the previous subsection, X is a smooth projective curve over a field K over C and
M1,M2 are fixed line bundles on X equipped with an isomorphism M1 ⊗X M2 ≃
K−1X .
Lemma 2.4. Let (r, e) ∈ Z≥1 × Z be a fixed type. Then the set of isomorphism
classes of locally free sheaves E of type (r, e) on X so that (E,Φ1,2, φ, ψ) is a δ-
semistable ADHM sheaf for some δ ∈ R≥0 and some morphisms (Φ1,2, φ, ψ) is
bounded.
Proof. The proof will be based on Maruyama’s theorem [50]
Theorem 2.5. (Maruyama). A family of torsion free sheaves E with fixed Hilbert
polynomial P and µmax(E) ≤ C for a fixed constant C is bounded.
and the following standard technical lemma (used for example in the proof of [59,
Prop. 3.2], [69, Thm. 3.1]).
Lemma 2.6. Let E be a torsion-free sheaf of rank r ≥ 2 on X. Suppose E is not
semistable, and let
0 = HN0(E) ⊂ HN1(E) ⊂ . . . ⊂ HNh(E) = E
be the slope Harder-Narasimhan filtration of E. Then
(2.5) µ(HN1(E)) + (r − 1)µ(E/HNh−1(E)) ≤ rµ(E).
According to Maruyama’s theorem it suffices to prove that there exists a constant
C independent on δ so that µmax(E) ≤ C for all δ-semistable ADHM sheaves
E = (E,Φ1,2, φ, ψ) on X of type (r, e) and all δ ∈ R≥0.
If E is semistable µmax(E) = µ(E) is clearly bounded. In particular this is the
case if r = 1, hence we will assume r ≥ 2 from now on in this proof. Suppose E is
not semistable of rank r ≥ 2, and let
(2.6) 0 = HN0(E) ⊂ HN1(E) ⊂ · · · ⊂ HNh(E) = E,
h ≥ 2, be the Harder-Narasimhan filtration of E. Note that the successive quotients
are locally free and semistable. In particular this implies that h ≤ r.
Suppose first E is δ-semistable for some δ ∈ R>0 or that E is 0-semistable and
ψ : E∞ → E is not identically zero. Let jψ ∈ {1, . . . , h−1} be the index determined
by
Im(ψ) * HNj(E), for j ≤ jψ
Im(ψ) ⊆ HNj(E), for j ≥ jψ + 1.
Note that the morphism
ψ : E∞ → E/HNjψ(E)
is nontrivial and [35, Lemma 1.3.3] implies that
µmin(E∞) ≤ µmax(E/HNjψ(E)).
By construction (see the proof of [35, Thm. 1.3.4]) we have µmax(E/HNjψ(E)) =
µ(HNjψ+1(E)/HNjψ (E)), therefore we obtain
(2.7) µmin(E∞) ≤ µ(HNjψ+1(E)/HNjψ(E)).
Moreover, if jψ = h− 1, inequality (2.7) specializes to
µmin(E∞) ≤ µ(E/HNh−1(E)).
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which yields
(2.8) − µ(E/HNh−1(E)) ≤ −µmin(E∞).
If jψ < h − 1, we claim HNj(E) cannot be Φ-invariant, for any jψ ≤ j ≤ n − 1.
According to the δ-stability condition, if HNj(E) is Φ-invariant, i = 1, 2 for some
jψ ≤ j ≤ h− 1, it follows that
µ(HNj(E)) +
δ
r(HNj(E))
≤ µ(E) +
δ
r
Since δ ≥ 0 and r(HNj(E)) < r, this yields a contradiction because µ(HNj(E)) >
µ(E) for all j = 1, . . . , h− 1. This proves the claim.
Therefore for each j ∈ {jψ + 1, . . . , h − 1} there exists ij ∈ {1, 2} so that
Φij (HNj(E) ⊗Mij ) * HNj(E). Then the same argument as in the proof of [59,
Prop 3.2] and [69, Thm. 3.1] shows that
(2.9) µ(HNj(E)/HNj−1(E)) ≤ µ(HNj+1(E)/HNj(E)) − deg(Mij ).
Summing inequalities (2.9) from j = jψ + 1 to j = h− 1 we obtain
µ(HNjψ+1(E)/HNjψ(E)) ≤ µ(E/HNh−1(E)) −
h−1∑
j=jψ+1
deg(Mij ).
Then using inequality (2.7) we obtain
µmin(E∞) +
h−1∑
j=jψ+1
deg(Mij ) ≤ µ(E/HNh−1(E)).
which further yields
µmin(E∞)− (h− 1)max{|deg(M1)|, |deg(M2)|} ≤ µ(E/HNh−1(E)).
Since we have established above that h ≤ r, we finally obtain
(2.10) − µ(E/HNh−1(E)) ≤ −µmin(E∞) + (r − 1)max{|deg(M1)|, |deg(M2)|}
Taking into account (2.8), (2.10), inequality (2.5) implies the existence of the re-
quired upper bound for µ(HN1(E)) = µmax(E).
Next suppose E is 0-semistable and ψ is identically zero. If φ is nontrivial,
boundedness follows from the above argument using Lemma (2.3). If φ is also
trivial, definition (2.2) implies that the data (E,Φ1,Φ2) is a semistable Higgs sheaf
on X as defined in (A.1). Then boundedness follows by a very similar argument.

Lemma (2.4) implies the following corollary by a standard argument.
Corollary 2.7. The set of isomorphism classes of ADHM sheaves of type (r, e) on
X which are δ-semistable for at least one value δ ∈ R>0 is bounded.
The proof of lemma (2.4) also implies the following.
Corollary 2.8. Let r ∈ Z≥1 be a fixed rank. Then there exists c ∈ Z depending
only on r so that for any e ∈ Z, e < c and any δ ∈ R>0 there are no δ-semistable
ADHM sheaves of type (r, e) on X.
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Proof. Suppose E = (E,Φ1,2, φ, ψ) is a δ-semistable ADHM sheaf of type (r, e). If
E is semistable, it follows that µ(E) ≥ µmin(E∞) since there must exist a nontrivial
morphism ψ : E∞ → E. If E is not semistable, equation (2.10) implies that
µ(E) > µmin(E) = µ(E/HNh−1(E)) ≥ µmin(E∞)−(r−1)max{|deg(M1)|, |deg(M2)|}.
This proves the claim.

3. Categorical formulation
In this subsection we reformulate δ-stability of ADHM sheaves as a stability con-
dition in a certain abelian category. This will enable us to study the behavior of
the moduli spaces Mssδ (X , r, e) as a function of the stability parameter δ. Similar
constructions have been carried out for example in [32, 42] for moduli spaces of
coherent systems. The abelian category in question will be constructed as a sub-
category of an abelian category of twisted quiver sheaves on X . Then the slope
stability condition defined below belongs to the class of stability conditions studied
in [2, 3].
3.1. An abelian subcategory of ADHM quiver sheaves. Let X be a scheme
over a K over C and let (M1,M2) be fixed invertible sheaves on X . Set M =
M1 ⊗X M2 and suppose there is a fixed isomorphism M ≃ K
−1
X as in the previous
section. ADHM quiver sheaves on X are (M1,M2)-twisted representations of an
ADHM quiver in the abelian category of quasi-coherent sheaves on X . Such objects
have been considered in the literature in [2, 3, 28, 78, 71]. Basically ADHM quiver
sheaves are defined by the same data as ADHM sheaves except that the framing
data E∞ is not fixed. More precisely we have
Definition 3.1. (i) An ADHM quiver sheaf on X is a collection E = (E,E∞,Φ1,2, φ, ψ)
where E,E∞ are coherent OX -modules and
Φi : E ⊗X Mi → E, φ : E ⊗X M → E∞, ψ : E∞ → E
are morphisms of OX -modules satisfying the ADHM relation.
(ii) A morphism between two ADHM quiver sheaves E, E ′ is a pair (ξ, ξ∞) of
morphisms of OX -modules
ξ : E → E′, ξ∞ : E∞ → E
′
∞
satisfying the obvious compatibility conditions with the data (Φ1,2, φ, ψ), (Φ
′
1,2, φ
′, ψ′).
(iii) An ADHM quiver sheaf E will be called locally free if E,E∞ are locally free
OX-modules.
According to [2, 3, 28, 78, 71], ADHM quiver sheaves on X form an abelian
category QX . Now define a subcategory CX of the abelian category QX as follows
• The objects of CX are coherent ADHM quiver sheaves with
E∞ = V ⊗OX
where V is a finite dimensional vector space over K (possibly trivial). We
will denote by v ∈ Z≥0 the dimension of V .
• Given two objects E , E ′ of CX a morphism from E to E
′ is a morphism
(ξ, ξ∞) of ADHM quiver sheaves so that
ξ∞ = f ⊗ 1OX
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where f : V → V ′ is a K-linear map.
Remark 3.2. (i) Note that there is an obvious one-to-one correspondence between
ADHM sheaves on X and objects of CX with v = 1. Similarly, there is a obvious
one-to-one correspondence between Higgs sheaves, as defined in (A.1), and objects
of CX with v = 0.
(ii) Given two ADHM sheaves E , E ′ on X a morphism (ξ, λ) : E→E ′ CX is
a morphism of ADHM sheaves as defined in [20, Def 2.1] if and only if λ = 1.
This distinction is important in the construction of moduli spaces. Note also that
if (ξ, λ) : E→E ′ is an morphism in CX , with λ 6= 0, then (λ
−1ξ, 1) : E→E ′ is a
morphism of ADHM sheaves.
Lemma 3.3. The category CX is abelian.
Proof. Reduces to a straightforward verification that CX contains all kernel,
images and cokernels of its morphisms, as well as direct sums. This is easily done
by standard diagram chasing. We will omit the details.

3.2. δ-stability in the abelian category. In this subsection let X be a smooth
projective curve over a field K over C. Let δ ∈ R. Given an object E of CX , the
type of E is the triple (r(E), d(E), v) ∈ Z≥0 × Z× Z≥0. If r(E) > 0, the δ-slope of
E is defined by
µδ(E) = µ(E) +
vδ
r(E)
Note that if v = 0, E is a Higgs sheaf and µδ(E) = µ(E) is the usual slope of E for
any value of δ ∈ R. Some basic properties of Higgs sheaves and their moduli are
summarized for convenience in Appendix (A).
Let δ ∈ R. Then we define δ-(semi)stability for objects of CX as follows.
Definition 3.4. An object E of CX of type (r, e, v) ∈ Z≥0 × Z× Z≥0 will be called
δ-(semi)stable if the following inequality holds for any proper nontrivial subobject
0 ⊂ E ′ ⊂ E in CX of type (r
′, e′, v′)
(3.1) r (e′ + v′δ) (≤) r′ (e+ vδ)
Remark 3.5. (i) Note that the object O = (0,C, 0, 0, 0, 0) is stable according to
definition (3.4) for any value of δ ∈ R.
(ii) Note that if v(E) = 0, the δ-stability condition reduces to the standard slope
stability condition for Higgs sheaves.
The following results follow by standard manipulations of the stability conditions.
Details will be omitted.
Lemma 3.6. Let E be a δ-semistable object of CX of rank r ∈ Z≥1 for some
δ ∈ R>0. Then the following hold.
(i) E is a locally free OX -module. Moreover, if in addition v(E) > 0, the mor-
phism ψ : OX → E must be nontrivial.
(ii) Any nontrivial endomorphism (ξ, f) : E → E in CX must be an isomorphism.
If in addition the ground field K is algebraically closed, the endomorphism ring of
E is isomorphic to K.
Lemma 3.7. Let δ ∈ R. Let E be a locally free object of CX of rank r(E) ≥ 1 and
v(E) = 1. Then E is δ-(semi)stable if and only if it is δ-(semi)stable as an ADHM
sheaf.
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Given remark (3.2), an immediate consequence of lemmas (3.6), (3.7) is
Corollary 3.8. Suppose K is algebraically closed and let E be a nontrivial δ-stable
ADHM sheaf on X for some δ ∈ R>0. Then the automorphism group of E is trivial.
To conclude this subsection, note that since the category CX is noetherian and
artinian the standard properties of δ-(semi)stable objects hold. That is we have
Proposition 3.9. (i) Harder-Narasimhan filtrations in CX exist and satisfy the
same properties as Harder-Narasimhan filtrations of coherent sheaves on smooth
projective varieties.
(ii) The subcategory of δ-(semi)stable objets of CX with fixed δ-slope is noether-
ian and artinian. The simple objects in this subcategory are precisely the δ-stable
objects. In particular Jordan-Ho¨lder filtration exist and satisfy the same properties
as Jordan-Ho¨lder filtrations of semistable coherent sheaves on smooth projective
varieties.
3.3. Extensions of ADHM quiver sheaves. Next we prove some basic homo-
logical algebra results for ADHM quiver sheaves. The homological algebra of quiver
sheaves without relations has been treated in detail in [28]. Our task is to generalize
some of the results of [28] to ADHM quiver sheaves, which have quadratic relations.
In this subsection we will take X to be a separated scheme of finite type over a field
K over C and will employ Cˇech resolutions rather than injective resolutions as in
[28]. Let M1,M2 be fixed invertible sheaves on X .
The main result of this section is
Proposition 3.10. Let E ′ = (E′, E′∞,Φ
′
1,2, φ
′, ψ′), E ′′ = (E′′, E′′∞,Φ
′′
1,2, φ
′′, ψ′′) be
coherent locally free ADHM quiver sheaves on X. Consider the following complex
C(E ′′, E ′) of coherent locally free OX-modules
(3.2)
0→
HomX(E
′′, E′)
⊕
HomX(E
′′
∞, E
′
∞)
d1−→
HomX(E
′′ ⊗X M1, E
′)
⊕
HomX(E
′′ ⊗X M2, E
′)
⊕
HomX(E
′′ ⊗X M,E
′
∞)
⊕
HomX(E
′′
∞, E
′)
d2−→HomX(E
′′ ⊗X M,E
′)→ 0
where
d1(α, α∞) = (− α ◦ Φ
′′
1 +Φ
′
1 ◦ (α ⊗ 1M1),−α ◦ Φ
′′
2 +Φ
′
2 ◦ (α⊗ 1M2),
− α∞ ◦ φ
′′ + φ′ ◦ (α⊗ 1M ),−α ◦ ψ
′′ + ψ′ ◦ α∞)
for any local sections (α, α∞) of the first term and
d2(β1, β2, γ, δ) =β1 ◦ (Φ
′′
2 ⊗ 1M1)− Φ
′
2 ◦ (β1 ⊗ 1M2)− β2 ◦ (Φ
′′
1 ⊗ 1M2)
+ Φ′1 ◦ (β2 ⊗ 1M1) + ψ
′ ◦ γ + δ ◦ φ′′
for any local sections (β1, β2, γ, δ) of the middle term. The degrees of the three
terms in (3.2) are 0, 1, 2 respectively.
Then there are group isomorphisms
(3.3) ExtkQX (E
′′, E ′) ≃ Hk(X, C(E ′′, E ′))
for k = 0, 1, where ExtkQX (E
′′, E ′) denote extension groups in the abelian category
of ADHM quiver sheaves on X.
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Proof. Since X is a separated scheme of finite type over C, it admits affine open
covers and we can employ Cˇech resolutions in the construction of the hypercoho-
mology double complex associated to C(E ′′, E ′). Then the correspondence stated
in lemma (3.10) follows by repeating the proof of [20, Prop. 4.5] based on Cˇech
cochain computations in the present context. We will omit the details.

Proposition (3.10) implies
Corollary 3.11. Suppose X is connected and proper over K. Let E ′, E ′′ be locally
free objects of CX with v(E
′) + v(E ′′) ≤ 1. Then there are group isomorphisms
(3.4) ExtkCX (E
′′, E ′) ≃ Hk(X, C(E ′′, E ′))
for k = 0, 1, where ExtkCX (E
′′, E ′) denote extension groups in the abelian category
CX.
Proof. The case k = 0 follows from the fact that CX is a full subcategory of
QX if X is connected and proper over K. For k = 1 note that there is a natural
injective homomorphism
Ext1CX (E
′′, E ′) →֒ Ext1QX (E
′′, E ′).
If v(E ′) + v(E ′′) ≤ 1, it follows that at least one of v(E ′), v(E ′′) vanishes. Then it
is straightforward to check that the above homomorphism is also surjective.

3.4. Stability conditions and moduli spaces of ADHM quiver sheaves.
Several results concerning stability conditions and moduli spaces of ADHM quiver
sheaves are summarized in this section for future reference. Here X will be a
smooth projective curve over C. Note that very general stability conditions for
quiver sheaves have been introduced in [3]. Specializing these conditions to objects
of QX results in the following.
Definition 3.12. Let (σ, τ) ∈ Q>0×Q be fixed stability parameters. An object E of
QX is (σ, τ)-semistable if any proper nontrivial quiver subsheaf 0 ⊂ E
′ ⊂ E satisfies
(3.5) (r(E) + σr(E∞))(d(E
′) + τr(E′∞)) (≤) (r(E
′) + σr(E′∞))(d(E) + τr(E∞))
Note that (σ, τ)-semistable ADHM quiver sheaves must be locally free, and it
is sufficient to test the stability condition on saturated subobjects. Moreover, the
automorphism group of any stable ADHM quiver sheaf is canonically isomorphic
to C×.
Moduli problems for general quiver sheaves have been treated in [71]. In particu-
lar, [71, Thm 3.6.1] proves that there exists a coarse quasi-projective moduli space
of quiver sheaves on a smooth projective variety subject to a stability condition
involving weighted flags of subobjects. Then [71, Thm. 3.7.1] proves that this sta-
bility condition stabilizes to a conventional one of the type studied in [3] if a certain
stability parameter is taken very large. Moreover, [71, Thm 3.7.2] establishes the
existence of a proper Hitchin morphism for moduli spaces of quiver sheaves defined
by polynomial invariants. In conclusion, in the present case, [71, Thm. 3.6.1, Thm.
3.7.1, Thm 3.7.2] imply the following result.
Theorem 3.13. For fixed numerical invariants r, r∞ ∈ Z≥1, e, e∞ ∈ Z there exists
a quasi-projective coarse moduli scheme Qss(σ,τ)(X , r, e; r∞, e∞) parameterizing S-
equivalence classes of (σ, τ)-semistable ADHM quiver sheaves with fixed numerical
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invariants r, r∞ ∈ Z≥1, e, e∞ ∈ Z. This moduli scheme contains an open subscheme
Qs(σ,τ)(X , r, e; r∞, e∞) parameterizing isomorphism classes of (σ, τ)-stable objects.
Moreover, there exists a proper generalized Hitchin morphism hQ : Q
ss
(σ,τ)(X , r, e; r∞, e∞)→
V, with V an affine space defined by the polynomial invariants of the morphism data
(Φ1,2, φ, ψ) of an ADHM quiver sheaf E = (E,E∞,Φ1,2, φ, ψ).
Remark 3.14. Note that the moduli space Qss(σ,τ)(X , r, e; r∞, e∞) is constructed in
[71] as a GIT quotient of a parameter space P by an affine reductive group G. In
particular P is equipped with a G-linearized invertible sheaf L. The data (P,G,L)
determines an ample line bundle L on the moduli space. This construction also im-
plies that the quotient stack [P/G] is isomorphic to the groupoid Qss(σ,τ)(X , r, e; r∞, e∞)
of flat families of (σ, τ)-semistable ADHM quiver sheaves on X. Moreover by anal-
ogy with [1, Ex. 7.7] there is a natural morphism
(3.6) q : Qss(σ,τ)(X , r, e; r∞, e∞)→ Q
ss
(σ,τ)(X , r, e; r∞, e∞)
which satisfies the conditions of [1, Thm. 4.14]. In particular q is universally closed.
Moreover the restriction of q to the substack of (σ, τ)-stable objects is a C×-gerbe
over Qs(σ,τ)(X , r, e; r∞, e∞).
Finally, note that there is a relation between (σ, τ)-stability in the abelian cat-
egory QX and δ-stability in the subcategory CX . This will be explained in detail
below because it will be used in the proof of Theorem (1.2).
Lemma 3.15. Fix (r, e) ∈ Z≥1 × Z, (r∞, e∞) = (1, 0) and δ ∈ Q>0. Then there
exists σ0 ∈ Q>0 (depending on (r, e, δ)), such that the following hold for any 0 <
σ < σ0.
(i) If E is an object of CX which is (σ, δ)-stable as an object of QX, then it is
δ-semistable.
(ii) If E is a δ-stable object of CX of type (r, e), then E is (σ, δ)-stable as an
object of QX .
Proof. First note that the set of isomorphism classes of objects of CX with
fixed numerical invariants as above which are (σ, δ)-semistable for some σ ∈ Q>0 is
bounded. The proof is very similar to the proof of Lemma (2.4).
In order to prove (i) suppose for any σ ∈ Q>0 there exists a (σ, δ)-stable object
E of QX of type (r, e, 1, 0) which is not δ-semistable. Given such an object E there
exists a proper nontrivial subobject 0 ⊂ E ′ ⊂ E in CX such that
r(e′ + v′δ) > r′(e + δ).
Moreover, E′ ⊂ E may be assumed saturated, and 0 < r′ < r. Since E ′ is also a
subobject of E in QX ,
(r + σ)(r′ + e′δ) < (r′ + v′σ)(e + δ).
If v′ = 0, the above inequalities imply
r′
r
(e + δ) < e′ <
r′
r + σ
(e+ δ)
Since σ > 0, this cannot hold unless e+ δ < 0.
If v′ = 1, it follows that
r′
r
(e+ δ) < e′ + δ <
r′ + σ
r + σ
(e + δ)
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which cannot hold unless e+ δ > 0.
In both cases, it follows that the absolute values of |e′| is bounded by a constant
depending only on (r, e, δ) since 0 < r′ < r. Then [35, Lemm. 1.7.9] implies that
the set of isomorphism classes of all such destabilizing subobjects E ′ is bounded
since the set of all (σ, τ)-semistable objects E for some value of σ > 0 is bounded.
Therefore the slope e′/r′ can only take values in a finite subset of Q, which is
independent of σ. This leads to a contradiction for sufficiently small σ
The proof of (ii) is similar.

4. Chamber structure
The goal of this section is to study the behavior of the δ-stability condition on
the parameter δ ∈ R>0 keeping the data X = (X,M1,M2), E∞ = OX as well as
the type (r, e) ∈ Z≥1 × Z fixed. The ground field will be a field K over C as in
section (2).
4.1. Critical stability parameters. This section establishes the existence of a
chamber structure of the positive real axis so that the set of δ-stable ADHM sheaves
is constant in each chamber.
First consider the case of ADHM sheaves of rank r = 1.
Lemma 4.1. Let E = (E,Φ1,Φ2, φ, ψ) be a locally free ADHM sheaf of type (1, e),
e ∈ Z, on X so that ψ is nontrivial. Then E is δ-stable for any stability parameter
δ ∈ R>0. In particular the moduli space Mδ(X , 1, e) is independent of δ ∈ R>0.
Proof. Since r = 1, E has no nontrivial proper saturated subsheaves 0 ⊂ E′ ⊂ E.
Hence, since ψ is nontrivial the δ-stability conditions are automatically satisfied for
any δ ∈ R>0.

Remark 4.2. Given lemma (4.1), a rank one locally free ADHM sheaf on X with
ψ 6= 0 will be called in the following stable, without any reference to a stability
parameter.
Next let r ≥ 2. Let δ ∈ R>0 be stability parameter. Suppose there exists a δ-
semistable ADHM sheaf E of type (r, e) on X which is not δ-stable. Then definition
(2.1) implies that δ must be of the form
(4.1) δ =
re′ − er′
r′
or δ =
er′ − re′
r − r′
for some 1 ≤ r′ ≤ r − 1, e′ ∈ Z.
Definition 4.3. A stability parameter δ ∈ R>0 is called numerically critical of type
(r, e) ∈ Z≥2 × Z if it is of the form (4.1).
Let ∆(r,e) ⊂ R>0 denote the set of numerically critical parameter of fixed type
(r, e) ∈ Z≥2×Z. Since all such parameters are rational numbers with denominators
in the finite set {1, , . . . , r− 1} it follows that there exists an isomorphism ∆(r,e) ≃
Z>0. For each n ∈ Z>0 let δn ∈ ∆(r,e) denote the corresponding numerically critical
parameter. We will also set δ0 = 0 in order to simplify the exposition. Then the
following result holds by standard arguments.
Lemma 4.4. Let (r, e) ∈ Z≥2 × Z be a fixed type. Then the following hold
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(i) For any n ∈ Z≥0 and any δ ∈ (δn, δn+1) an ADHM sheaf of type (r, e) is
δ-semistable if and only if it is δ-stable.
(ii) For any n ∈ Z≥0, the set of δ-stable ADHM sheaves is constant for δ ∈
(δn, δn+1)
Definition 4.5. A locally free ADHM sheaf E on X is asymptotically stable if ψ is
not identically zero and there is no nontrivial Φ-invariant proper saturated subsheaf
0 ⊂ E′ ⊂ E so that Im(ψ) ⊆ E′.
Then the following boundedness result holds. Since proof is analogous to the
proof of Lemma (2.4) the details will be omitted.
Lemma 4.6. The set of isomorphism classes of locally free coherent sheaves E of
type (r, e) ∈ Z≥2 × Z on X with the property that E is the underlying sheaf of an
asymptotically stable ADHM sheaf E is bounded.
Lemma 4.7. Let (r, e) ∈ Z≥2 × Z be fixed as above. Then there exists δ∞ ∈ R>0
depending only on (r, e) so that the following statements hold for any δ > δ∞
(i) An ADHM sheaf E of type (r, e) on X is δ-semistable if and only if it is
asymptotically stable.
(ii) An ADHM sheaf E of type (r, e) on X is δ-semistable if and only if it is
δ-stable
Proof. First we prove that there exists c1 ∈ R>0 depending only on (r, e) so that
any δ-semistable ADHM sheaf on X of type (r, e) with δ > c1 is asymptotically
stable. Recall [20, Lemma 2.4] that given any ADHM sheaf E = (E,Φ1,2, φ, ψ)
with ψ 6= 0 there is a canonical nontrivial Φ-invariant saturated subsheaf E0 ⊂ E
so that Im(ψ) ⊂ E0. Moreover, by construction E0 is a subsheaf of any Φ-invariant
saturated subsheaf E′ ⊂ E so that Im(ψ) ⊂ E′.
Since E0 is canonically constructed in terms of the data E , it follows that the
set of the sheaves E0 associated to all δ-semistable ADHM sheaves E of type (r, e),
with δ ∈ R>0, is bounded. Therefore the numerical invariants (r(E0), d(E0)) can
take only a finite set of values. This implies that there exists c1 ∈ R>0 so that for
all δ > c1 we have
(4.2) µ(E0) +
δ
r(E0)
> µδ(E)
whenever E0 is a proper subsheaf of E.
Suppose there exists a δ-semistable ADHM sheaf E , δ > c1, which is not asymp-
totically stable. Therefore there exists a nontrivial Φ-invariant proper saturated
subsheaf 0 ⊂ E′ ⊂ E so that Im(ψ) ⊆ E′. As observed above, by construction E0
must be a subsheaf of any such subsheaf, hence in particular E0 will be a proper
subsheaf of E. This yields a contradiction since then inequality (4.2) implies that
E is not δ-semistable.
Next we prove that there exists c2 ∈ R>0 so that any asymptotically stable
ADHM sheaf E is δ-stable for all δ > c2. According to lemma (4.6), the set of
isomorphism classes of locally free sheavesE of type (r, e) so that E is the underlying
sheaf of an asymptotically stable ADHM sheaf is bounded. This implies that there
exists a positive constant C′ ∈ R>0 depending only on (r, e) so that µmax(E) < C′
for any such locally free sheaf E. It follows that there exists c2 ∈ R>0 so that
for any δ > c2, condition (2.2) of definition (2.1) is automatically satisfied for
any asymptotically stable ADHM sheaf E , and any Φ-invariant nontrivial proper
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saturated subsheaf 0 ⊂ E′ ⊂ E so that E′ ⊗X M ⊂ Ker(φ). Since the stability
condition (ii) of definition (2.1) is trivially satisfied for asymptotically stable ADHM
sheaves, the claim follows.
In order to conclude the proof of proposition (4.7), take δ∞ = max{c1, c2}.

Lemma 4.8. Let (r, e) ∈ Z≥2 × Z be a fixed type. Then there exists δN ∈ ∆(r,e) ∪
{0}, N ≥ 0, depending only on (r, e) so that for all δ > δN , any δ-semistable ADHM
sheaf of type (r, e) is asymptotically stable.
Proof. Follows directly from lemmas (4.4) and (4.7).

Definition 4.9. Suppose the integer N found in lemma (4.8) is nonzero. Then
the stability parameters δi ∈ R>0, i = 1, . . . , N will be called critical values of type
(r, e). Moreover, a parameter δ ∈ R>0 will be called noncritical of type (r, e) if
δ /∈ {δ1, . . . , δN}.
4.2. Wallcrossing behavior. This subsection analyzes the behavior of δ-stable
ADHM sheaves as δ specializes to a critical value. In order to simply the exposition
we will formally set δ0 = 0 as above, and δN+1 = +∞.
Lemma 4.10. Let (r, e) ∈ Z≥2 × Z be a fixed type so that the integer N in propo-
sition (4.4) is nonzero. Then the following hold
(i) Let E be a δ-stable ADHM sheaf on X of type (r, e), with δ ∈ (δi, δi+1) for
some i = 1, . . . , N . Then E is δi-semistable and it has a Jordan-Ho¨lder filtration in
the abelian category C0 of the form
(4.3)
0 = JH0(E) ⊂ JH1(E) ⊂ JH2(E) ⊂ · · · ⊂ JHj−1(E) ⊂ JHj(E) = E , j ≥ 1
so that r(JHl(E)) ≥ 1 for any 1 ≤ l ≤ j and r(JHl(E)) < r, v(JHl(E)) = 0 for
0 ≤ l ≤ j − 1. In particular E is either δi-stable or there is a nontrivial extension
in the abelian category CX of the form
(4.4) 0→ E ′ → E → E ′′ → 0
where E ′ is a semistable Higgs sheaf of rank r(E ′) ≥ 1 and E ′′ is a δi-stable ADHM
sheaf of rank r(E ′′) ≥ 1 and µδi(E
′) = µδi(E
′′) = µδi(E).
(ii) Let E be a δ-stable ADHM sheaf on X of type (r, e), with δ ∈ (δi−1, δi) for
some i = 1, . . . , N . Then E is δi-semistable and it has a Jordan-Ho¨lder filtration in
the abelian category CX of the form (4.3) where r(JHl(E)) ≥ 1, v(JHl(E)) = 1 for
all 1 ≤ l ≤ j, and r(JHl(E)) < r for all 0 ≤ l ≤ j − 1. In particular E is δi-stable
or there is a nontrivial extension in the abelian category CX of the form
(4.5) 0→ E ′ → E → E ′′ → 0
where E ′ is a δi-stable ADHM sheaf of rank r(E
′) ≥ 1, E ′′ is a semistable Higgs
sheaf of rank r(E ′′) ≥ 1, and µδi(E
′) = µδi(E
′′) = µδi(E).
(iii) Let E be a δi-stable ADHM sheaf on X of type (r, e) for some i = 1, . . . , N .
Then E is δ-stable for any δ ∈ (δi−1, δi+1).
Proof. Since the proofs are very similar, details will be provided only for the
first statement.
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Lemma (4.4) implies that E is γ-stable for any γ ∈ (δi, δi+1). Then any Φ-
invariant nontrivial proper saturated subsheaf Im(ψ) ⊆ E′ ⊂ E must satisfy
(4.6) µ(E′) +
γ
r(E′)
< µ(E) +
γ
r
for any γ ∈ (δi, δi+1). Similarly, any Φ-invariant nontrivial proper saturated sub-
sheaf 0 ⊂ E′ ⊗X M ⊆ Ker(φ) must satisfy
(4.7) µ(E′) < µ(E) +
γ
r
for any γ ∈ (δi, δi+1).
In the first case, it follows that
µ(E′) +
δi
r(E′)
≤ µ(E) +
δi
r
since r(E′) < r.
In the second case, suppose there exists such a subsheaf E′ so that
µ(E′) > µ(E) +
δi
r
Then Grothendieck’s lemma [35, Lemma 1.7.9] implies that for fixed E the set
of isomorphism classes of such subsheaves is bounded. Then it follows that there
exists γ ∈ (δi, δi+1) so that
µ(E′) > µ(E) +
γ
r
.
This would contradict γ-stability. Therefore E must be δi-semistable, and it has
a Jordan-Ho¨lder filtration of the form (4.3) according to proposition (3.9). It is
straightforward to check that none of the objects JHl(E), 1 ≤ l ≤ j may have rank
zero and none of the objects JHl(E), 0 ≤ l ≤ j − 1 may have rank equal to r. If
the length of the filtration is j = 1, it follows that E is δi-stable.
Suppose j ≥ 2. By the general properties of Jordan-Ho¨lder filtrations, all subob-
jects JHl(E) ⊆ E , l = 1, . . . , j must have the same δi-slope as E . Let us denote by
El the underlying locally free OX -module of the ADHM sheaf JHl(E), l = 1, . . . , j.
Let vl = v(JH(El)), l = 1, . . . , j. Then
µ(El) +
vlδi
r(El)
= µ(E) +
δi
r
for all l = 1, . . . , j. However, since E is δ-stable,
µ(El) +
vlδ
r(El)
< µ(E) +
δ
r
must also hold for all l = 1, . . . , j − 1. These inequalities imply
vl(δ − δi)
r(El)
<
δ − δi
r
for all l = 1, . . . , j − 1. Since r(El) < r for l 6= j, it follows that vl = 0 for all
l = 1, . . . , j − 1. This implies that the last quotient JHj(E)/JHj−1(E) is a δi-
stable ADHM sheaf on X . Then the exact sequence (4.4) is obtained by setting
E ′ = JHj−1(E), E
′′ = JHj(E). The extension (4.4) has to be nontrivial because E
is δ-stable, hence indecomposable.

The following is an immediate consequence of lemma (4.10).
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Corollary 4.11. Under the assumptions of lemma (4.10), let δi, i = 1, . . . , N be
a critical stability parameter of type (r, e) and let δ− ∈ (δi−1, δi), δ+ ∈ (δi, δi+1)
be noncritical stability parameters.
(i) Suppose E is a δ+-stable ADHM sheaf on X of type (r, e) which is not δ−-
stable. Then E is strictly δi-semistable, and in particular it fits in a nontrivial
extension of the form (4.4). Moreover, the one step filtration 0 ⊂ E ′ ⊂ E determined
by (4.4) is a Harder-Narasimhan filtration for E with respect with δ−-stability.
(i) Suppose E is a δ−-stable ADHM sheaf on X of type (r, e) which is not δ+-
stable. Then E is strictly δi-semistable, and in particular it fits in a nontrivial
extension of the form (4.5). Moreover, the one step filtration 0 ⊂ E ′ ⊂ E determined
by (4.5) is a Harder-Narasimhan filtration for E with respect with δ+-stability.
For future reference, let us record the following partial converse to lemma (4.10).
Lemma 4.12. Under the assumptions of lemma (4.10) let δi ∈ R>0 be a critical
stability parameter of type (r, e) ∈ Z≥2 × Z. Then the following hold.
(i) There exists 0 < ǫ+ < δi+1 − δi, so that the following holds for any δ+ ∈
(δi, δi + ǫ+). A locally free ADHM sheaf E of type (r, e) on X is δi-semistable if
and only if it is either δ+-stable or there exists a unique filtration of the form
(4.8) 0 ⊂ E ′ ⊂ E
so that E ′ is a δ+-stable ADHM sheaf of rank r(E
′) ≥ 1, and E ′′ = E/E ′ is a
semistable Higgs sheaf of rank r(E ′′) ≥ 1 satisfying
(4.9) µδ+(E
′) > µ(E ′′) µδi(E
′) = µ(E ′′).
(ii) There exists 0 < ǫ− < δi − δi−1 so that the following holds for any δ− ∈
(δi − ǫ−, δi). A locally free ADHM sheaf E of type (r, e) on X is δi-semistable if
and only if it is either δ−-stable or there exists a unique filtration of the form
(4.10) 0 ⊂ E ′ ⊂ E
so that E ′ a semistable Higgs sheaf of rank r(E ′) ≥ 1, and E ′′ = E/E ′ is a δ−-stable
ADHM sheaf or rank r(E ′′) ≥ 1satisfying
(4.11) µ(E ′) > µδ−(E
′′) µ(E ′) = µδi(E
′′).
Proof. It suffices to prove statement (i) since the proof of (ii) is analogous.
Let δ+ ∈ (δi, δi+1) be an arbitrary noncritical stability parameter of type (r, e).
Suppose E is a δi-semistable ADHM sheaf on X . Then E is either δ+-stable or there
is a Harder-Narasimhan filtration of E with respect to δ+-stability
(4.12) 0 ⊂ E1 ⊂ · · · ⊂ Eh = E
where h ≥ 2. It is straightforward to check that El, 1 ≤ l ≤ h must have rank
r(El) ≥ 1 and the successive quotients El+1/El, 0 ≤ l ≤ h − 1 must also have rank
r(El+1/El) ≥ 1. Then by the general properties of Harder-Narasimhan filtrations
(4.13) µδ+(E1) > µδ+(E2/E1) > · · · > µδ+(Eh/Eh−1)
and
(4.14) µδ+(El) > µδ+(E)
for all 1 ≤ l ≤ h−1. Since E is δi-semistable by assumption, inequalities (4.14) imply
that v(El) = 1 for all l = 1, . . . , h. Therefore all quotients El+1/El, 0 ≤ l ≤ h − 1
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are semistable Higgs sheaves on X . Moreover, using the δi-semistability condition
and inequalities (4.14) we have
(4.15) δ+
(
1
r
−
1
r(El)
)
< µ(El)− µ(E) ≤ δi
(
1
r
−
1
r(El)
)
for all l = 1, . . . , h.
Now let γ ∈ (δi, δi+1) be a fixed stability parameter. Then we claim that the set
of isomorphism classes of locally free ADHM sheaves E ′ on X satisfying condition
(⋆) There exists a δi-semistable ADHM sheaf E of type (r, e) and a stability
parameter δ+ ∈ (δi, γ] so that E
′ ≃ El for some l ∈ {0, . . . , h}, where
0 ⊂ E1 ⊂ · · · ⊂ Eh = E , h ≥ 1, is the Harder-Narasimhan filtration of E
with respect to δ+-stability.
is bounded. In order to prove this claim note that that under the current conditions,
inequalities (4.15) imply
−γ < µ(El)− µ(E) <
δi
r
.
Moreover the set of isomorphism classes of δi-semistable ADHM sheaves of type
(r, e) is bounded according to lemma (2.4). Therefore the above claim follows from
Grothendieck’s lemma.
Then it follows that the set of numerical types (r′, e′) of locally free ADHM
sheaves E ′ satisfying property (⋆) is finite. This implies that there exists 0 < ǫ+ <
γ − δi so that for any δ+ ∈ (δi, δi + ǫ+), and any δi-semistable ADHM sheaf E of
type (r, e) inequalities (4.15) can be satisfied only if
(4.16) µδi(El) = µδi(E)
for all l = 1, . . . , h. Hence also
µ(El/El−1) = µδi(E)
for all l = 2, . . . , h. Then (4.13) implies that we must have h = 2. Therefore for
all δ+ ∈ (δi, δi + ǫ+), any locally free δi-semistable ADHM sheaf E of type (r, e) is
either δ+-stable or has a Harder-Narasimhan filtration with respect to δ+-stability
of the form (4.8) so that E ′, E ′′ = E/E ′ satisfy conditions (4.9).
Next note that the set of numerical types
(4.17) Satδi(r, e) = {(r
′, e′) ∈ Z≥1 × Z | r
′ ≤ r, r(e′ + δi) = r
′(e+ δi)}
is finite. Therefore 0 < ǫ+ < γ − δi above may be chosen so that there are no
critical stability parameters of type (r′, e′) in the interval (δi, δi + ǫ+) for any
(r′, e′) ∈ Satδi(r, e). This implies in particular that for all δ+ ∈ (δi, δi + ǫ+), and
any locally free δi-semistable δ+-unstable ADHM sheaf E of type (r, e), the first
step E ′ in the Harder-Narasimhan filtration of E must be δ+-stable rather than
δ+-semistable.
Conversely, suppose E is a locally free ADHM sheaf of type (r, e) on X which
has a filtration of the form (4.8) with E ′ δ+-stable and satisfying conditions (4.9),
for some δ+ ∈ (δi, δi+ ǫ+). By the above choice of ǫ+, there are no critical stability
parameters of type (r(E′), d(E′)) in the interval (δi, δi+ ǫ+) since (r(E
′), d(E′)) ∈
Satδi(r, e). Then lemma (4.10) implies that E is δi-semistable. This further implies
that E is δi-semistable since it is an extension of semistable objects of equal δi-slope.

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Next we consider the behavior of δ-semistable ADHM sheaves as δ specializes to
0. The following results hold by analogy with lemmas (4.10) and (4.12) . Since the
proofs are very similar, they will be omited.
Lemma 4.13. Let X be a smooth projective curve over a field K over C. Let
δ ∈ R \ {0} be a noncritical stability parameter of type (r, e) ∈ Z≥1 × Z so that
there are no critical stability parameters of type (r, e) in the interval (0, δ) if δ > 0,
respectively (δ, 0) if δ < 0. Then any δ-stable ADHM sheaf E of type (r, e) on X
is 0-semistable.
Conversely,
Lemma 4.14. Under the same conditions let (r, e) ∈ Z≥1 × Z. Then there exist
ǫ+ > 0, ǫ− < 0 so that the following hold.
(i) For any stability parameter 0 < δ+ < ǫ+ an ADHM sheaf E = (E,Φ1,Φ2, φ, ψ)
of type (r, e) with ψ nontrivial is 0-semistable if and only if it is either δ+-stable or
there exists a unique filtration 0 ⊂ E ′ ⊂ E where E ′ is a δ+-stable ADHM sheaf of
rank r(E ′) ≥ 1 and E ′′ = E/E ′ a semistable Higgs sheaf of rank r(E ′′) ≥ 1 satisfying.
(4.18) µδ+(E
′) > µ(E ′′), µ0(E
′) = µ(E ′′) = µ0(E)
Moreover an ADHM sheaf E = (E,Φ1,Φ2, φ, 0) of type (r, e) is 0-semistable if and
only if there exists a unique filtration 0 ⊂ E ′ ⊂ E where E ′ ≃ O = (0,C, 0, 0, 0, 0)
and E ′′ = E/E ′ is a semistable Higgs sheaf of type (r, e).
(ii) For any stability parameter ǫ− < δ− < 0 an ADHM sheaf E = (E,Φ1,Φ2, φ, ψ)
of type (r, e) with φ nontrivial is 0-semistable if and only if it is either δ−-stable
or there exists a unique filtration 0 ⊂ E ′ ⊂ E where E ′ is a semistable Higgs sheaf
of rank r(E ′) ≥ 1 and E ′′ = E/E ′ a semistable ADHM sheaf of rank r(E ′′) ≥ 1
satisfying.
(4.19) µ(E ′) > µδ−(E
′′), µ(E ′) = µ0(E
′′) = µ0(E)
Moreover an ADHM sheaf E = (E,Φ1,Φ2, 0, ψ) of type (r, e) is 0-semistable if and
only if there exists a unique filtration 0 ⊂ E ′ ⊂ E where E ′ is a semistable Higgs
sheaf of type (r, e) and E ′′ = E/E ′ ≃ O = (0,C, 0, 0, 0, 0).
5. Moduli stacks and torus actions
The main goal of this section is to prove theorems (1.2) and (1.4). Other moduli
stacks needed in the second part of this paper will be constructed. as well. Natural
torus actions on these stacks will be defined and some structure results for the
fixed loci will be proven. In the following X is a smooth projective curve over
C and M1,M2 are fixed line bundles on X equipped with a fixed isomorphism
M1 ⊗X M2 ≃ K
−1
X as in section (2) as well as E∞ = OX . The triple (X,M1,M2)
will be denoted by X .
5.1. Moduli spaces of δ-semistable ADHM sheaves. Let S be the category
of schemes of finite type over C. Let (r, e) ∈ Z≥1 × Z be a fixed type and δ ∈ R>0
be a fixed stability parameter. Standard arguments show that flat families of δ-
semistable ADHM sheaves parameterized by complex schemes of finite type form
a groupoid Mssδ (X , r, e) over S. For completeness recall, [20, Def. 3.1], that a flat
family of ADHM sheaves on X parameterized by a scheme S of finite type over
C is an ADHM sheaf ES = (ES ,ΦS,1,2, φS , ψS) on XS with twisting data (M1)S ,
(M2)S and framing data ES,∞ = OXS so that ES is flat over S. An isomorphism
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of flat families of ADHM sheaves parameterized by S is an isomorphism of ADHM
sheaves on XS .
Proof of Theorem (1.2). Lemma (2.4) implies by standard arguments that the
groupoid Mssδ (X , r, e) is an algebraic stack of finite type over C. In particular,
employing standard constructions for decorated sheaves as in [59, 34, 33, 70, 71, 27],
the groupoid Mssδ (X , r, e) is shown to be isomorphic to a quotient stack of a quasi-
projective parameter scheme by a reductive affine group.
For noncritical δ, Corollary (3.8) implies that all closed points have trivial sta-
bilizers since there are no strictly semistable objects. Then the moduli stack
Mssδ (X , r, e) is an algebraic space. The proof that M
ss
δ (X , r, e) is isomorphic to
a quasi-projective scheme in this case will be based on Theorem (3.13) and Lemma
(3.12).
Note that in each stability chamber there exists a rational stability parameter
δ ∈ Q>0. For any σ ∈ Q>0 let Qss(σ,δ)(X , r, e; , 1, 0), Q
ss
(σ,δ)(X , r, e; , 1, 0) be the
moduli stack, respectively space of (σ, δ)-semistable ADHM quiver sheaves on X of
type (r, e; 1, 0). As observed in Remark (3.14), there is a natural morphism
q : Qss(σ,δ)(X , r, e; , 1, 0)→ Q
ss
(σ,δ)(X , r, e; , 1, 0).
For sufficiently generic σ there are no strictly (σ, δ)-semistable objects, and the
above morphism is a C×-gerbe.
Next note that there is also a natural morphism of algebraic stacks
(5.1) d∞ : Q
s
(σ,τ)(X , r, e; 1, 0)→ Pic0(X)
defined by taking the determinant line bundle of E∞, wherePic0(X) is the algebraic
stack of degree 0 line bundles on X . Let Qss(σ,δ)(X , r, e; 1, 0)(0) denote the stack-
theoretic fiber of the morphism (5.1) over the closed point ofPic0(X) determined by
the trivial line bundle OX . Let Q
ss
(σ,δ)(X , r, e; 1, 0)(0) be its scheme theoretic image
via the morphism q, which is a closed subscheme of Qss(σ,δ)(X , r, e; 1, 0). Moreover,
Qss(σ,δ)(X , r, e; 1, 0)(0) is again C
×-gerbe over Qss(σ,δ)(X , r, e; 1, 0)(0).
By construction, an object ofQss(σ,δ)(X , r, e; 1, 0)(0) over a scheme S is a flat family
(ES , ES,∞,ΦS,i, φS , ψS) of (σ, δ)-stable ADHM quiver sheaves such that ES,∞ is an
invertible sheaf on X × S, isomorphic to OXs along each fiber Xs, s ∈ S. An
object of Mssδ (X , r, e) over S is an ADHM sheaf ES , flat over S. Then Lemmas
(3.7), (3.15) imply that for sufficiently small σ there is an epimorphism of algebraic
stacks
(5.2) Qss(σ,τ)(X , r, e; 1, 0)(0) →M
ss
δ (X , r, e)
which maps a flat family (ES , ES,∞,ΦS,i, φS , ψS) to the flat family of δ-stable
ADHM sheaves
(ES ⊗ E
−1
S,∞,ΦS,i ⊗ 1E−1
S,∞
, φS ⊗ 1E−1
S,∞
, ψS ⊗ 1E−1
S,∞
).
It is straightforward to check that the morphism (5.2) is a C×-gerbe and that
it admits a canonical section. Then [46, Lemm. 3.18] implies that there is an
isomorphism of algebraic spaces Mssδ (X , r, e) ≃ Q
ss
(σ,τ)(X , r, e; 1, 0)(0).

Remark 5.1. As observed in remark (3.14), the quasi-projective moduli scheme
Qss(σ,δ)(X , r, e; 1, 0) is naturally equipped with a polarization provided by the GIT
construction [53, Thm. 1.10], [73, Rem. 1.4.3.9]. More precisely the G-linearized
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line bundle L on the parameter space P determines an ample line bundle L on the
GIT quotient. Therefore the closed subscheme Qs(σ,δ)(X , r, e; 1, 0)(0) is also equipped
with a an ample line bundle L0 obtained by restriction.
5.2. Other moduli stacks. For future reference we next construct several moduli
stacks of objects of the abelian category CX , where X is a smooth projective curve
over C as in the previous subsection.
Let δ ∈ R \ {0} be a stability parameter. Again, using standard arguments we
construct the following groupoids over S
• Ob(X ): the groupoid of flat families of locally free objects of CX . An
object of Ob(X ) over a C-scheme S of finite type is a flat family ES =
(ES , ES,∞,ΦS , φS , ψS) of locally free ADHM quiver sheaves of XS , where
ES,∞ = π
∗
SFS for some locally free OS-module FS and the restriction ES |Xs
for any point s ∈ S is a locally free object of CXs The definition of isomor-
phisms is standard.
• Ob(X )≤1: the groupoid of all flat families of locally free objects of CX with
0 ≤ v ≤ 1. The construction is the same as above, except that v may
take only values in {0, 1}. Therefore the OS-module FS in the previous
definition is either the zero module or an invertible sheaf on S.
• Ob(X )v, Ob(X , r, e, v): the groupoid of flat families of locally free objects
of CX with fixed v ∈ Z≥0, respectively the groupoid of flat families of locally
free objects of CX with fixed type (r, e, v) ∈ Z≥1 × Z× Z≥0.
• Obssδ (X , r, e, v): the groupoid of flat families of δ-semistable objects of CX
of fixed type (r, e, v) ∈ Z≥1 × Z× {0, 1}, with δ ∈ R.
• Ex(X ): the groupoid of three term exact sequences of locally free objects
of CX constructed by analogy with [37, Def. 7.2]. Note that there are
canonical forgetful morphisms p, p′, p′′ : Ex(X )→ Ob(X ).
• Ex(X , α, α′, α′′): the groupoid of three term exact sequences of locally free
objects of CX with fixed types α = (r, e, v), α
′ = (r′, e′, v′) α′′ = (r′′, e′′, v′′)
in Z≥1 × Z× Z≥0, α = α′ + α′′.
Remark 5.2. Note that the stack Ob(X )0 is canonically isomorphic to the stack
Higgs(X ) of all locally free Higgs sheaves on X as defined in (A.1). The stack
Obssδ (X , r, e, 0) is canonically isomorphic to the moduli stack Higgs
ss(X , r, e) of
semistable Higgs sheaves of type (r, e) on X for any value of δ ∈ R \ {0}. Both
notations will be used interchangeably from now on.
The main properties of the above moduli stacks are summarized in the following
lemma.
Lemma 5.3. (i) For any δ ∈ R and any (r, e, v) ∈ Z≥1×Z×{0, 1}, Ob
ss
δ (X , r, e, v)
is an Artin stack of finite type over C.
(ii) The groupoids Ob(X ), Ob(X )≤1, Ob(X )v , Ob(X , r, e, v), r, e, v ∈ Z≥1×Z×
Z≥0 are Artin stacks of locally finite type over C and there are open and closed
immersion of Artin stacks
(5.3) Ob(X , r, e, v) →֒ Ob(X )v →֒ Ob(X )≤1 →֒ Ob(X )
for any r, e, v ∈ Z≥1 × Z× Z≥0.
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(iii) For any stability parameter δ ∈ R and any (r, e) ∈ Z≥1 × Z there are open
immersions of Artin stacks
(5.4)
Obssδ (X , r, e, 1) →֒ Ob(X )1 →֒ Ob(X )≤1
Obssδ (X , r, e, 0) →֒ Ob(X )0 →֒ Ob(X )≤1.
(iv) Suppose δ ∈ R is a noncritical stability parameter of type (r, e) ∈ Z≥1 × Z.
Then there is a morphism
(5.5) Obssδ (X , r, e, 1) ≃M
s
δs(X , r, e)
which identifies Obssδ (X , r, e, 1) with a trivial C
×-gerbe over Msδs(X , r, e).
(v) The groupoids Ex(X ), Ex(X , α, α′, α′′), α, α′, α′′ ∈ Z≥1×Z×Z≥0 are algebraic
stacks of locally finite type over C and the canonical forgetful morphisms p, p′, p′′ :
Ex(X )→ Ob(X ) are of finite type over C.
Proof. The proof of lemma (5.3.i) follows from the boundedness lemma (2.4),
again in complete analogy with [20, Thm 1.1].
Given the construction of the parameter spaces for Higgs sheaves [59, 74, 69] and
for ADHM sheaves [20], statements (5.3.ii) and (5.3.v) follow by analogy with [46,
Thm 4.6.2.1], [37, Thm 9.4], [37, Thm. 9.6].
The fact that the natural morphisms (5.4) are open immersions follows from the
fact that Higgs sheaf semistability as well as δ-semistability are open conditions in
flat families.
Lemma (5.3.iv) follows from lemmas (3.7) and (3.6) taking into account remark
(3.2).

5.3. Torus actions and fixed foci. Next we define natural torus actions on the
above moduli stacks. We will employ the definition of group actions on stacks
given in [68, Def.1.3, Def.2.1]. Let T = C× × C×. Then there is a torus ac-
tion T× × Ob(X ) → Ob(X ) defined as follows. Given any flat family ES =
(ES , (π
∗
SFS)
⊕v,ΦS,1,ΦS,2, φS , ψS) parameterized by a scheme S of finite type over
C, and t1, t2 : S → T, set
(t1, t2)× ES → E
(t1,t2)
S
where
(5.6) E
(t1,t2)
S = (ES , (π
∗
SLS)
⊕v, t1ΦS,1, t2ΦS,2, t1t2φS , ψS).
Moreover, if ξ : ES
∼
−→E ′S is an isomorphism of flat families over S, the isomorphism
ξ(t1,t2) : E
(t1,t2)
S
∼
−→E ′
(t1,t2)
S is given by the same isomorphism ξ : ES → ES of
coherent OXS -modules, since T acts linearly on the data (ΦS,1,2, φS , ψS) leaving
the underlying coherent sheaf ES unchanged.
Let S ≃ C× ⊂ T be the antidiagonal subtorus defined by the embedding t →
(t−1, t). Then the action (5.6) induces an S-action on Ob(X )≤1. In this case we
will use the notation EtS = E
(t−1,t)
S , ξ
t = ξ(t
−1,t).
Obviously, there are analogous actions on any substack of the form Ob(X )≤1,
Ob(X )v, Ob(X , r, e, v) Ob
ss
δ (X , r, e, v), with (r, e, v) ∈ Z≥1 × Z × Z≥0 so that the
open immersions (5.3), (5.4) are equivariant. Moreover, there are analogous torus
actions T×Mssδ (X , r, e)→M
ss
δ (X , r, e), S×M
ss
δ (X , r, e)→M
ss
δ (X , r, e) obtained
by setting v = 1 and FS = OS in (5.6).
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Finally note that since the T and S actions defined above are linear on the
ADHM data, it is straightforward to check that they can be canonically lifted
to torus actions on the stack Ex(X ) so that the forgetful morphisms p, p′, p′′ are
equivariant. A flat family
0→ E ′S
ξS
−→ES
ηS
−→E ′′S → 0
of three term exact sequences is mapped by (t1, t2) : S → T to
0 // E
′(t1,t2)
S
ξ
(t1,t2)
S
// E
(t1,t2)
S
η
(t1 ,t2)
S
// E
′′(t1,t2)
S
// 0
where ξ
(t1,t2)
S , η
(t1,t2)
S have the same underling morphisms ofOXS -modules as ξS , ηS .
Obviously, this torus action preserves the substacks of fixed type (α, α′, α′′).
Let M denote one of the stacks in lemma (5.3.i) - (5.3.iv). Let MS be the stack
theoretic fixed locus as defined in [68, Prop 2.5]. Recall that a morphism S →MS,
where S is a scheme of finite type over C, is determined by the data {ES, ξS(t) | t :
S → S} where ES is a flat family of locally free objects of CX parameterized by S
and for any morphism t : S → S
(5.7) ξS(t) : ES
∼
−→EtS
is an isomorphism of flat families over S satisfying the identity
(5.8) ξS(t
′t) = ξS(t)
t′ ◦ ξS(t
′)
for all t, t′ : S → S (see [68, Prop 2.5]). In the following a flat family satisfying this
property will be called S-fixed up to isomorphism.
Lemma 5.4. Let ES = (ES , π
∗
SFS ,ΦS,1,2, φS , ψS) be a S-fixed flat family of locally
free objects of CX parameterized by a connected scheme S of finite type over C.
Then there are direct sum decompositions
(5.9) ES ≃ ⊕n∈IES(n), FS = ⊕n∈JFS(n)
with I, J ⊂ Z finite subsets, satisfying the following conditions
• If ES , respectively FS , are not the zero sheaf, no direct summand in (5.9)
is the zero sheaf.
• All components ΦS,i(n,m) : ES(n) ⊗XS (Mi)S → ES(m), n,m ∈ I, with
respect to the direct sum decomposition (5.9) are identically zero if m 6=
n+ (−1)i−1 for i = 1, 2.
• All components φS(n,m) : ES(n)⊗XSMS → π
∗
SFS(m), n ∈ I, m ∈ J , with
respect to the direct sum decomposition (5.9) are identically zero if m 6= n.
• All components ψS(n,m) : π
∗
SFS(n)→ ES(m), n ∈ I, m ∈ J , with respect
to the direct sum decomposition (5.9) are identically zero if m 6= n.
Proof. Note that ξS(t)
t′ in equation (5.8) is identical to ξS(t) as an isomor-
phism of OXS -modules, as observed below (5.6). This implies that the underlying
coherent OXS -module ES of a flat family ES fixed by S up to isomorphism has a
S-linearization. Then lemma (5.4) follows from a standard analysis of the fixed
locus conditions analogous to [20, Prop. 3.15]. Details will be omitted.

A final technical result need below is the following. Recall that in the proof of
Theorem (1.2) the moduli space Mssδ (X , r, e), for noncritical δ, has been identi-
fied with the quasi-projective scheme Qss(σ,δ)(X , r, e; , 1, 0)(0). According to Remark
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(5.1), the latter is equipped with an ample line bundle L0 determined by the GIT
construction of the ambient moduli scheme Qss(σ,δ)(X , r, e; , 1, 0). Given the con-
struction of the GIT parameter space P in [71], it is easy to check that the torus
action defined in (5.6) is induced by a natural torus action on P which commutes
with the action of the GIT group G. Moreover, the torus action on P admits a
natural lift to a linearization on the GIT line bundle L. This implies that the line
bundle L0 is T-equivariant. Then one can use the same proof as in [76, Cor 2] to
conclude:
Lemma 5.5. There exists a Zariski open cover of Mssδ (X , r, e) consisting of finitely
many T-invariant affine charts.
5.4. Virtual smoothness for noncritical δ. In this subsection we prove theorem
(1.4). By analogy with the proof of theorem [20, Thm. 1.5] we first need a vanishing
result in the deformation theory of δ-stable ADHM sheaves. According to [20, Prop
4.5, 4.9] the deformation complex C(E) of a locally free ADHM sheaf E on X is
obtained from the complex C(E , E) defined in Proposition (3.10), equation (3.2)
by removing the direct summand HomX(E∞, E∞) from the first term and setting
α∞ = 0 in the expression of d1. The resulting complex, Cdef(E) will be referred to
as the deformation complex of E .
Then the main technical element in the proof of virtual smoothness is the fol-
lowing vanishing result for the hypercohomology groups of the resulting complex
Cdef(E). The proof is similar to the proof of lemma [20, Lemma 4.10]. Details will
be omitted.
Lemma 5.6. Let E be a δ-stable ADHM sheaf on X. Then Hi(X, Cdef(E)) = 0, for
all i ≥ 3 and for all i ≤ 0.
Proof. The proof is similar to the proof of lemma [20, Lemma 4.10]. Using Serre
duality it reduces to proving that the automorphism group of a δ-stable ADHM
sheaf is trivial. Details will be omitted.
.
Let T = C× × C× and S ⊂ T act on Mssδ (X , r, e) as in (5.6). These are the
torus actions employed in theorem (1.4) whose proof will be presented below.
Proof of theorem (1.4). If δ ∈ R>0, is a noncritical stability parameter of type
(r, e) ∈ Z≥1×Z, any δ-semistable ADHM sheaf of type (r, e) on X is δ-stable. Given
lemmas (5.5), (5.6), the existence of a T-equivariant perfect tangent-obstruction
theory follows by repeating the steps in [20, Sect 5.] in the present setting. Details
will be omitted. Obviously, the resulting perfect tangent-obstruction theory is also
S-equivariant.
In order to prove the second part of theorem (1.4), note that there is a universal
ADHM locally free ADHM sheaf on Mssδ (X , r, e) ×X since all stable objects have
trivial automorphisms. Let p : Mssδ (X , r, e)×X →M
ss
δ (X , r, e), πX : M
ss
δ (X , r, e)×
X → X be the canonical projections. Let Cdef(E) be the deformation complex of
the universal object E. Then Grothendieck duality [58] for the projection morphism
p yields an isomorphism
(Rp∗(C(E)))
∨ ≃ Rp∗RHom(C(E), π
∗
XKX [1]).
This isomorphism is compatible with the induced T as well as S actions.
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Taking into account the isomorphismM ≃ K−1X and the fact that C(E) is locally
free, a straightforward computation shows that
RHom(C(E), π∗XKX [1]) ≃ C(E)[1]
as S-equivariant complexes. Therefore we obtain an isomorphism of S-equivariant
complexes
(Rp∗(C(E)))
∨ ≃ Rp∗(C(E))[1].
This yields the required S-equivariant nondegenerate pairing on the perfect tangent-
obstruction theory of Mδ(X , r, e) [4, 5].

6. Properness of torus fixed loci
The main goal of this section is to prove theorem (1.5) working under the same
conditions as in section (5). Recall that in the proof of Theorem (1.2) the moduli
spaceMssδ (X , r, e), with noncritical δ, has been identified with the closed subscheme
Qss(δ,σ)(X , r, e; 1, 0)(0) of a quasi-projective moduli scheme Q
ss
(δ,σ)(X , r, e; 1, 0) as in
Theorem (3.13) for sufficiently small δ. Recall also that there is a proper Hitchin
morphism
(6.1) hQ : Q
ss
(δ,σ)(X , r, e; 1, 0)→ V
where V is an affine space. Since the fixed locus Mssδ (X , r, e)
S is a closed subscheme
of Mssδ (X , r, e)
S in order to prove that it is proper over C it suffices to prove that it
is a subscheme of the fiber of the Hitchin morphism at 0 ∈ V. In order to establish
this it suffices to prove that the polynomial invariants of C-valued S-fixed points
vanish since vanishing at closed points implies vanishing in families. The proof will
proceed on step-by-step basis, as shown below.
6.1. S-fixed semistable Higgs sheaves. One first proves the analogous result for
semistable Higgs sheaves E = (E,Φ1,Φ2) on X . More precisely, recall that there is
a proper Hitchin map h : Higgsss(X , r, e)→ H where
H = ⊕rn=0H
0(X, Symmn(M−11 ⊕M
−1
2 )),
mapping a polystable Higgs sheaf of type (r, e) to its characteristic polynomial. In
order to simplify the exposition, we will adopt the following notation conventions
for Higgs sheaves. Suppose E = (E,Φ1,Φ2) is a Higgs sheaf on X with coefficient
sheaves M1,M2. Given a finite sequence Φin : E ⊗X Min → E, where n ≥ 1 and
(i1, . . . , in) ∈ {1, 2}
×n, the composition
Φin ◦ (Φin−1 ⊗ 1Min ) ◦ · · · ◦ (Φi1 ⊗ 1Mi2⊗X ···⊗XMin ) : E⊗XMi1 ⊗X . . .⊗XMin → E
will be denoted by
ΦinΦin−1 . . .Φi1 : E ⊗X Mi1 ⊗X . . .⊗X Min → E.
Lemma 6.1. Let E be an S-fixed semistable Higgs sheaf of type (r, e) on X. Then
h([E ]) = 0.
Proof. Let E = (E,Φ1,Φ2). Given the construction of the Hitchin map, the
image h([E ]) is determined by the polynomial invariants
(6.2) (tr(Φn11 Φ
n2
2 )), n1, n2 ≤ 0, n1 + n2 ≤ r.
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Any S-fixed semistable Higgs sheaf must satisfy conditions (i) and (ii) of lemma
(5.4).
Note that tr(Φn11 Φ
n2
2 ) is a homogeneous element of H for the action of S with
weight n1 − n2. Therefore if (E,Φ1,Φ2) is fixed by the S-action, we must have
(6.3) tr(Φn11 Φ
n2
2 ) = 0
for all n1, n2 ≥ 0, 0 < n1 + n2 ≤ r, n1 6= n2. In order to prove the claim we have
to show that the vanishing result (6.3) holds for n1 = n2 as well.
Note that only finitely many terms in character decomposition of E are nontriv-
ial. Hence
(6.4) E =
⊕
s1≤n≤s2
E(n)
for some s1, s2 ∈ Z, s1 ≤ s2. If s1 = s2, Φ1, Φ2 are trivial according to lemma (5.4)
and there is nothing to prove. Therefore we will assume s1 < s2. Then lemma (5.4)
implies that only components of the form
Φ1(n) : E(n)→ E(n+ 1) Φ2(n− 1) : E(n)→ E(n− 1)
are allowed to be nontrivial. This implies that the monomials (Φ1Φ2)
n, n ≥ 1 have
the following block form with respect to the decomposition (6.4)
(Φ1Φ2)
n = diag (0, (Φ1(s1)Φ2(s1))
n, . . . , (Φ1(s2 − 1)Φ2(s2 − 1))
n) .
Using the structure results proven in lemma (5.4), condition (A.1) in definition
(A.1) is equivalent to the following relations
(6.5) Φ1(n)Φ2(n) = Φ2(n+ 1)Φ1(n+ 1)
for all s1 ≤ n ≤ s2 − 1. In particular,
(6.6) Φ1(s2 − 1)Φ2(s2 − 1) = 0, Φ2(s1)Φ1(s1) = 0.
If s2 = s1 + 1, the required vanishing result follows immediately from relations
(6.6). Hence we will assume s1 ≤ s2− 2 in the following. Then we will prove by an
inductive argument that
(6.7) tr(Φ1(s2 − k)Φ2(s2 − k))
n = 0
for all 1 ≤ k ≤ (s2 − s1) and all n ≥ 1. The case k = 1 follows immediately from
relations (6.6). Then note that for any 2 ≤ k ≤ (s2 − s1) and any n ≥ 1 we have
tr(Φ1(s2 − k)Φ2(s2 − k))
n = tr(Φ2(s2 − k + 1)Φ1(s2 − k + 1))
n
= tr(Φ1(s2 − k + 1)Φ2(s2 − k + 1))
n
using invariance of the trace under cyclic permutations of the arguments. This
proves the inductive step, hence the required vanishing result follows.

6.2. Asymptotic fixed loci. Next we prove that a similar result holds for asymp-
totically stable ADHM sheaves of type (r, e) ∈ Z≥1 × Z on X .
Lemma 6.2. Suppose δ > δN is an asymptotic stability parameter. Then any
h([E ]) = 0 for any δ-stable ADHM sheaf on X. In particular the S-fixed locus
Mssδ (X , r, e)
S is proper over C.
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Proof. According to [20, Lemma 2.5] any asymptotically stable ADHM sheaf on
X with E∞ = OX has φ = 0. Since φ = 0, the Hitchin map maps the isomorphism
class of an asymptotically stable ADHM sheaf to the characteristic polynomial of
the underlying Higgs sheaf. Then the proof of Lemma (6.2) is identical to the proof
of lemma (6.1).

The proof of Theorem (1.5) can then be concluded by an inductive argument.
6.3. Rank and chamber induction. The proof will proceed by induction on the
rank r ≥ 1.
Lemmas (4.1), (6.2) imply that any rank one stable ADHM sheaf has trivial
polynomial invariants.
Let r ≥ 2. Suppose any S-fixed δ-stable ADHM sheaf of type (r′, e) with 1 ≤ r′ <
r, e ∈ Z and, for a fixed type (r′, e), any noncritical stability parameter δ ∈ R>0 of
type (r′, e) has trivial polynomial invariants. Then we have to prove the analogous
statement holds for each fixed type (r, e), e ∈ Z. This will be done by a chamber
inductive argument starting with the asymptotic chamber δ > δN . Lemma (6.2)
implies that the statement holds for δ > δN . If N = 0, there is nothing to prove,
so we will assume N ≥ 1 in the following. Set δ0 = 0 and δN+1 = +∞.
Suppose the statement holds for all S-fixed δ-stable ADHM sheaves of type (r, e),
where δ ∈ (δi, δi+1), for some i = 1, . . . , N . Then we will prove that the same holds
for S-fixed δ-stable ADHM sheaves of type (r, e) with δ ∈ (δi−1, δi).
Let E be an S-fixed δ−-stable ADHM sheaf of type (r, e) on X for some δ− ∈
(δi−1, δi). Then lemma (4.10) implies that one of the following cases must hold
(1) E is δi-stable, hence also δ+-stable for any δ+ ∈ (δi, δi+1), or
(2) E is strictly δi-semistable and there is a nontrivial extension
(6.8) 0→ E ′ → E → E ′′ → 0
in the abelian category CX , where E
′ is a δi-stable ADHM sheaf on XK , E
′′
is a semistable Higgs sheaf on X with µδi(E
′) = µ(E ′′).
In the first case, there is nothing to prove, hence suppose (2) holds. Then Corollary
(4.11) implies that 0 ⊂ E ′ ⊂ E is a Harder-Narasimhan filtration with respect to
δ+-stability for any δ+ ∈ (δi, δi+1). Since E is S-fixed, for each t ∈ S there is an
isomorphism ξ(t) : E → Et as in equation (5.7). Moreover it straightforward to
check that the torus action (5.6) preserves the Harder-Narasimhan filtrations i.e.
(E ′)t = (Et)′.
This implies that both E ′, E ′′ must be S-fixed.
Then the polynomial invariants of E ′ are trivial according to the rank induction
hypothesis and those of E ′′ are trivial according to Lemma (6.1). Since E is an
extension of quiver sheaves, this implies that its polynomial invariants are also
trivial.

7. Versal deformations and holomorphic Chern-Simons theory
The main goal of this section is to show that the recent results [38, 39] of Joyce
and Song on Behrend functions for algebraic moduli stacks of coherent sheaves on
smooth projective Calabi-Yau threefolds also hold for the moduli stacks constructed
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in section (5.2). This will be needed in the second part of this paper, which is
concerned with wallcrossing formulas for ADHM invariants.
Let Ob(X )≤1, Ob(X )0 be the algebraic moduli stacks constructed in lemma
(5.3). Let M(X )≤1, M(X )0 denote the coarse algebraic moduli space of simple
objects in Ob(X )≤1, Ob(X )0. The first goal of this section is to prove that the
statements of [38, Thm. 5.2] and [38, Thm. 5.3] hold for M(X )≤1, Ob(X )≤1,
respectively Ob(X )0, M(X )0. For simplicity, we will denote extensions groups in
the abelian category CX by Ext( , ) in the following. Then by analogy with [38] we
claim
Theorem 7.1. Let M denote either M(X )≤1 or M(X )0. Then for each C-valued
point [E ] ∈M(C) there exists a finite-dimensional complex manifold U , a holomor-
phic function ω : U → C and a point u ∈ U so that ω(u) = dω(u) = 0 and M(C)
is locally isomorphic as a complex analytic space to Crt(ω) near u. Moreover, U
can be taken to be isomorphic to an open neighborhood of u = 0 in the vector space
Ext1(E , E).
Similarly, let M denote either Ob(X )≤1or Ob(X )0. According to [38, Thm 5.3],
the general theory of Artin stacks implies that for any C-valued point [E ] ∈M(C),
there exists an Aut(E)- invariant subscheme S ⊂ Ext1(E , E) over C parameterizing
an Aut(E)-equivariant versal family ES of locally free objects of CX with v ∈ {0, 1}
so that ES |X0 ≃ E . Moreover there exists an e´tale morphism of Artin stacks Φ :
[S/Aut(E)]→M so that Φ([0]) = [E ],
(7.1) Φ∗ : Stab([0]) ≃ Aut(E)→ Stab([E ])
and
(7.2) dΦ : T[0][S/Aut(E)] ≃ Ext
1(E , E)→ T[E]M
are natural isomorphisms. Then the following holds.
Theorem 7.2. For each C-valued point [E ] ∈ M(C) there exists an open neigh-
borhood of 0 U ⊂ Ext1(E , E) in the analytic topology, a holomorphic function
ω : U → C so that ω(0) = dω(0) = 0 and an open neighborhood of 0 V ⊂ San
so that there is an isomorphism of complex analytic spaces Ξ : Crt(ω)→ V satisfy-
ing Ξ(0) = 0 and dΞ0 = IdExt1(E,E). Moreover, if G is a maximal compact subgroup
of Aut(E), U,w, V can be chosen to be GC-equivariant.
Proof of Theorems (7.1), (7.2). Since we have restricted ourselves to locally
free objects, theorems (7.1), (7.2) can be proven using gauge theoretic methods in
complete analogy with [38, Thm 5.2], [38, Thm 5.3]. One has to check that the
main arguments in [51], [38] carry over to the current decorated bundle moduli
problem. A gauge theoretic approach to various decorated bundle moduli problems
has been previously employed for example in [12, 10, 11, 60, 7, 13, 79, 61, 45, 16,
3, 15, 14, 49, 8, 9]. The main steps will be outlined below.
Step 1. Since X is a smooth projective curve over C, it has a complex man-
ifold structure, which will be denoted by Xˆ . Let M an1 , M
an
2 denote the complex
holomorphic line bundles on Xˆ corresponding to the invertible sheaves M1,M2 on
X . Let Mˆ1, Mˆ2 denote the underlying C
∞-vector bundles of the holomorphic line
bundles M an1 , M
an
2 and let ∂1, ∂2 denote the corresponding Dolbeault operators.
Set Mˆ = Mˆ1⊗C Mˆ2 and note that there is a fixed isomorphism Mˆ
∨ ∼−→Λ1,0
Xˆ
. Let ∂0
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denote the canonical Dolbeault operator acting on sections of the trivial complex
line bundle on Xˆ.
A V -framed holomorphic ADHM bundle on Xˆ is defined by the data Eˆ =
(Eˆ, ∂, V, Φˆ1,2, φˆ, ψˆ) where Eˆ is a C
∞ complex vector bundle on X ,
∂ : C∞(Eˆ)→ C∞(Eˆ ⊗C Λ
0,1
Xˆ
)
is a semiconnection (or Dolbeault operator) on Eˆ as defined in [38, Def. 9.1], V is
a complex vector space of dimension v ∈ {0, 1} and
(7.3)
Φˆi ∈ C
∞(Hom(Eˆ ⊗C Mˆi,Eˆ)), φˆ ∈ C
∞(Hom(Eˆ ⊗C Mˆ,Λ
0,0
Xˆ
⊗C V ))
ψˆ ∈ C∞(Eˆ ⊗C V
∨)
are C∞-morphisms of complex bundles on Xˆ satisfying the ADHM relation. In ad-
dition note that the Dolbeault operators ∂, ∂0, ∂1, ∂2 determine similar differential
operator on each space of section in (7.3), and each morphism (Φˆ1,2, φˆ, ψˆ) is required
to lie in the kernel of the corresponding Dolbeault operator. Obviously, φˆ and ψˆ
are identically zero if v = 0. Note that using the fixed isomorphism Mˆ∨
∼
−→Λ1,0
Xˆ
,
the morphism φˆ is identified with a section in C∞(Hom(Eˆ,Λ1,0
Xˆ
⊗C V )). Such an
identification will be implicit from now on.
For future reference a V -framed C∞ ADHM bundle is defined by data (Eˆ, Φˆ1,2, φˆ, ψˆ)
as above, except that no holomorphy condition is imposed. The definition of iso-
morphisms of C∞ of V-framed ADHM bundles is obvious.
Given any C∞ complex vector bundle Eˆ, consider the following infinite dimen-
sional affine space
(7.4)
AADHM = A × C
∞(Hom(Eˆ ⊗C (Mˆ1 ⊕ Mˆ2), Eˆ))×
C∞(Hom(Eˆ,Λ1,0
Xˆ
⊗C V ))× C
∞(Eˆ ⊗C V
∨)
where A is the affine space of semiconnections on Eˆ.
The group of gauge transformations acting AADHM is the infinite dimensional
Lie group G = C∞(Aut(Eˆ)) × (C×)×v where Aut(Eˆ) ⊂ End(Eˆ) is the subbundle
of invertible endomorphisms of Eˆ. Note that the second factor (C×)×v represents
the stabilizer of the canonical Dolbeault operator ∂0 on the trivial line bundle
Λ0,0
Xˆ
×C V . The later has to be kept fixed in this construction since our goal is to
obtain a local presentation of moduli stacks of objects in the abelian category CX
rather than the larger abelian category QX of ADHM quiver sheaves on X .
The data (∂, Φˆ1,2, φˆ, ψˆ) will be called simple if its stabilizer in G is isomorphic
to the canonical C× subgroup. The subspace of simple data will be denoted by
A siADHM .
Suppose Eˆ = (Eˆ, Φˆ1,2, φˆ, ψˆ) is a V -framed holomorphic ADHM bundle on Xˆ and
let (∂+A,Ψ1,2, ρ, η) ∈ AADHM , where A ∈ C
∞(End(Eˆ)⊗CΛ
0,1
Xˆ
). Note that there
are natural cup-products
(7.5)
C∞(End(Eˆ)⊗C Λ
0,1
Xˆ
)⊗ C∞(Hom(Eˆ ⊗C Mˆi, Eˆ))→ C
∞(Hom(Eˆ ⊗C Mˆi, Eˆ)⊗C Λ
0,1
Xˆ
)
C∞(End(Eˆ)⊗C Λ
0,1
Xˆ
)⊗ C∞(Eˆ ⊗C V
∨)→ C∞(Eˆ ⊗C V
∨ ⊗C Λ
0,1
Xˆ
)
C∞(Hom(Eˆ, (Λ1,0
Xˆ
)⊗C V ))⊗ C
∞(End(Eˆ)⊗C Λ
0,1
Xˆ
)→ C∞(Hom(Eˆ, (Λ1,1
Xˆ
)⊗C V ))
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C∞(Hom(Eˆ ⊗C Mˆi, Eˆ))⊗ C
∞(Hom(Eˆ ⊗C Mˆ3−i, Eˆ))→ C
∞(End(Eˆ)⊗C Λ
1,0
Xˆ
),
C∞(Eˆ ⊗C V
∨)⊗ C∞(Hom(Eˆ, (Λ1,0
Xˆ
)⊗C V ))→ C
∞(End(Eˆ)⊕v ⊗C Λ
1,0
Xˆ
)
where i = 1, 2. Then the data
(Eˆ, ∂ +A, Φˆ1 +Ψ1, Φˆ2 +Ψ2, φˆ+ ρ, ψˆ + η)
defines a V -framed holomorphic ADHM sheaf structure on Eˆ if the following con-
ditions are satisfied
(7.6)
∂Ψ1 + [A, Φˆ1 +Ψ1] = 0
∂Ψ2 + [A, Φˆ2 +Ψ2] = 0
∂ρ− (φ+ ρ)A = 0
∂η +A(ψ + η) = 0
[Φˆ1,Ψ2] + [Ψ1, Φˆ2] + [Ψ1,Ψ2] + ηφ+ ψρ+ ηρ = 0
where all products are the natural cup-products (7.5) and the commutators are
commutators of cup-products.
Finally, note that there is an obvious one-to-one correspondence between V -
framed holomorphic ADHM bundles Eˆ on the complex manifold Xˆ and locally free
objects E of CX with v ∈ {0, 1}. Moreover, for any V -framed holomorphic ADHM
bundle Eˆ on Xˆ there is a three term complex C(Eˆ) of C∞ complex vector bundles
on Xˆ constructed by analogy with the deformation complex Cdef(E). Given the
Dolbeault operator ∂, C(Eˆ) admits a canonical Dolbeault resolution, which yields
in turn a hypercohomology double complex. Let CDb(Eˆ) be the total complex of the
resulting double complex, and let CDb(Eˆ) denote the complex obtained by taking
global C∞ sections of the terms of CDb(Eˆ). Let HkDb(Xˆ, C(Eˆ)), k ∈ Z≥0, be the
cohomology groups of CDb(Eˆ). Then there are isomorphisms of complex vector
spaces
HkDb(Xˆ, C(Eˆ)) ≃ H
k(X, C(E))
for all k ∈ Z≥0.
Choosing hermitian structures on Xˆ, Eˆ, the complex CDb(Eˆ) will be elliptic, and
the hypercohomology groups HkDb(Xˆ, C(Eˆ)) are identified with spaces of harmonic
bundle valued differential forms using Hodge theoretic methods. Analogous con-
structions have been carried in [8, Sect. 3] for Higgs bundles, respectively [9, Sect.
5] for triples, hence details will be omitted.
We can also construct complex Banach manifolds by taking appropriate Sobolev
completions of the spaces AADHM , A
si
ADHM , respectively a complex Banach group
by taking a Sobolev completion of G as in [51, Sect. 1], [38, Sect. 9.1].
Given a C∞ complex vector bundle Eˆ on Xˆ , families of V -framed holomorphic
ADHM structures on Eˆ are defined by analogy with [51, Def. 1.5], [39, Def. 9.2],
or [45, Def. 2.3]. Then the existence of a versal deformation family extending a
given V -framed holomorphic ADHM bundle Eˆ follows from [44, Thm. 1.1] by an
argument analogous to [45, Thm 2.4]. Alternatively, one can check that the proof
of [51, Thm 1.] carries over to the present situation with appropriate modifications.
Step 2. Next note that X also has a structure of complex analytic space Xan,
and one can obviously construct a category of analytic ADHM quiver sheaves by
analogy with the abelian category CX . This category will be denoted by CXan .
CHAMBER STRUCTURE AND WALLCROSSING IN THE ADHM THEORY OF CURVES I 33
Then given a locally free object Ean of CXan with v ∈ {0, 1}, one has to establish the
existence of a versal deformation family of analytic objects of CXan which extends
Ean. The analogous result for complex analytic vector bundles has been proven in
[24, 75]. As observed for example in [45] the extension to families of decorated
analytic bundles follows from the complex analytic version of the standard repre-
sentability for Hom functors presented for example in [22, Thm 5.8]. The complex
analytic version of this result follows from [23].
Now let Eˆ be a V -framed holomorphic ADHM bundle on Xˆ and let T denote the
base of the versal deformation family of V -framed holomorphic ADHM bundles ex-
tending Eˆ ; T is a finite dimensional complex analytic space. Let πXan : X
an×T → T
denote the canonical projection. Let Ean the locally free object of CXan correspond-
ing to Eˆ . Then by analogy with [51, Prop 2.3], [38, Prop. 9.5], or [45][Thm. 2.5]
there exists a versal deformation family EanT with base T extending E
an and an iso-
morphism EanT
∼
−→π∗Xan Eˆ of C
∞ V -framed ADHM sheaves which induces the versal
deformation family of Eˆ . Moreover, EanT is universal if Eˆ is simple.
Step 3. Next let E be a locally free object of CX and let E
an be the corre-
sponding complex analytic object. Using the standard representability result [22,
Thm 5.8] for Hom functors, and the existence of an algebraic versal deformation
family extending E proven in [38, Prop. 9.8], it follows that there exists an alge-
braic versal deformation family of objects of CX extending E . Moreover, [38, Prop.
9.9] proves that the algebraic and the analytic versal deformation families associ-
ated to a given holomorphic vector bundle are locally isomorphic with respect to
the complex analytic topology. The extension of this result to ADHM sheaves is
straightforward.
Step 4. In order to conclude the proof of theorems (7.1, 7.2) it suffices to
prove the existence of a holomorphic functional on the Sobolev completion of the
space AADHM , for any V -framed holomorphic ADHM sheaf Eˆ on Xˆ, with the same
properties as the holomorphic Chern-Simons functional employed in [38, Sect. 9.5].
As observed in step 1 above, the Dolbeault operators ∂, ∂0, ∂1, ∂2 determine
similar Dolbeault operators on all spaces of sections in the right hand side of (7.4).
In order to keep the notation short all the resulting operators will be denoted by
the same symbol ∂, the distinction being clear once the argument of the operator
is specified.
Then the holomorphic Chern-Simons functional for V -framed ADHM sheaves is
defined by
(7.7)
CS : (A,Ψ1,2, ρ, η)→
∫
X
Tr(Ψ2∂Ψ1 + ρ∂η +A[Φˆ1,Ψ2] +A[Ψ1, Φˆ2] +A[Ψ1,Ψ2]
+Aψρ+Aηφ+Aηρ)
where all products are the natural cup-products (7.5) and the commutators are
commutators of cup-products. Note that given the cup-products (7.5) it is straight-
forward to check that the integrand in the right hand side of equation (7.7) is a
section of Λ1,1X . It is also straightforward to check that the functional (7.7) is gauge
invariant, and the critical points of the functional (7.7) are determined by the
equations (7.6).

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Lemma 7.3. Let E1, E2 be two locally free ADHM sheaves on X of numerical types
(r1, e1, 1), (r2, e2, 0). Let
χ(E1, E2) = dimExt
0(E1, E2)− dimExt
1(E1, E2)
− dimExt0(E2, E1) + dimExt
1(E2, E1).
Then χ(E1, E2) = e2 − r2(g − 1) depends only on the numerical types of E1, E2.
Proof. Recall that corollary (3.11) proves that the extension groups Ext1(E1, E2)
are the hypercohomology groups of the three term locally free complex C(E1, E2)
written in equation (3.2). Then lemma (7.3) follows by a straightforward application
of the Riemann-Roch theorem.

Next let ν denote Behrend’s constructible function for the Artin stack Ob(X )≤1
constructed in [38, Prop. 4.4]. Then the following theorem holds by analogy with
[38, Thm. 5.9].
Theorem 7.4. Let E1, E2 be locally free objects of CX with v(E1)+v(E2) ≤ 1. Then
the following identities hold
(7.8) ν([E1 ⊕ E2]) = (−1)
χ(E1,E2)ν([E1])ν([E2)])
(7.9)
∫
[E]∈P(Ext1(E2,E1))
0→E1→E→E2→0
ν([E ])dχ −
∫
[E]∈P(Ext1(E1,E2))
0→E2→E→E1→0
ν([E ])dχ =
dimExt1(E2, E1)− dimExt
1(E1, E2)
Appendix A. Higgs sheaves
For completeness we summarize the main results on moduli of Higgs sheaves
used in this paper. Let X be a smooth projective curve over a field K over C. Let
(M1,M2) be fixed line bundles on X .
Definition A.1. (i) A Higgs sheaf of type (r, e) on X with coefficient sheaves
(M1,M2) is a collection E = (E,Φ1,Φ2) where E is a coherent sheaf of type (r, e)
on X and
Φi : E ⊗X Mi → E
are morphisms of OX -modules satisfying
(A.1) Φ1 ◦ (Φ2 ⊗ 1M1)− Φ2 ◦ (Φ1 ⊗ 1M2) = 0.
(ii) A morphism of Higgs sheaves E , E ′ is a morphism ξ : E → E′ of coherent
sheaves on X satisfying the obvious compatibility conditions with the data Φ1,2,
Φ′1,2.
(iii) A Higgs sheaf E = (E,Φ1,Φ2) of type (r, e) on X is called (semi)stable if
any nontrivial Φ-invariant proper saturated subsheaf 0 ⊂ E′ ⊂ E satisfies
(A.2) µ(E′) (≤) µ(E)
The following theorem summarizes the properties of moduli of Higgs sheaves
following [59, 74, 69].
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Theorem A.2. Suppose X is a smooth projective curve over C and let M1,M2 be
fixed line bundles on X as in the main text. Let X = (X,M1,M2). Then
(i) For (r, e) ∈ Z≥1×Z there is a quasi-projective coarse moduli scheme Higgsss(X , r, e)
over C parameterizing S-equivalence classes of Higgs sheaves of type (r, e) on X
with coefficient sheaves (M1,M2). The scheme Higgs
ss(X , r, e) contains an open
subscheme Higgss(X , r, e) which parameterizes isomorphism classes of stable Higgs
sheaves.
(ii) There is a proper Hitchin morphism h : Higgsss(X , r, e) → H where H =
⊕rn=0H
0(X, Symmn(M−11 ⊕M
−1
2 )) mapping a polystable Higgs sheaf of type (r, e)
to its characteristic polynomial.
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